
Mathematical Thinking and Proof-Writing for Engineers Intersession 2020
Instructor: Ronak Mehta Homework 1

The following homework contains proof fundamentals such as direct argument, contradiction,
and induction, as well as limits and sequences. Feel free to work with each other. Please write your
final submission on paper without lines. It is due on Friday, January 17.

Problem 1

An n-gon is a polygon with n sides. A polygon is convex provided all of its angles are less than
180 degrees. A diagonal of a convex polygon is a line segment that can be drawn between two
vertices that are not adjacent. Prove that a convex n-gon has n(n−3)

2 diagonals, for n ≥ 3.

For Problem 2 and 3, we need to define the supremum, denoted supS, of set S ⊆ R as the
least upper bound of the set. Precisely, u is an upper bound for S if for all x ∈ S, u ≥ x. A
number s = supS if it is an upper bound of S, and for any other upper bound u of S, s ≤ u.

Similarly, the infimum, denoted inf S, is the greatest lower bound of S. Neither of these need
to exist if the set is unbounded. For example, supZ can be considered ∞, as there is no upper
bound.

Problem 2

(a) Give an example of a set where the supremum and infimum are not members of the set.

(b) Let S be a set, and s = supS. Prove that for any ε > 0, there exists x ∈ S such that

s− ε ≤ x ≤ s

What is the analogous condition for the infimum of S?

Problem 3

Let (xn) be a bounded sequence in R. Prove that if (xn) is monotone, then it converges, in two
parts.

(a) Let S = {xn : n = 1, 2, ...} be the set that contains all the elements of (xn). Prove that if
(xn) is monotone non-decreasing (i.e. x1 ≤ x2 ≤ x3...), then xn → supS. Similarly, show
that if (xn) is monotone non-increasing, then xn → inf S (use Problem 2).

(b) Use the previous part to prove the original theorem.

Problem 4 (optional)

Prove that the closed interval [0, 1] is uncountable.
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