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Semilinear Min-Max Problem

min max (y, f(x)) — ¥(y) + ¢(x)

rxrcX yeyY

What do we hope to achieve?

Functions Lipschitz ~ Smooth ‘fz (ZU> — fz($/)| < Gsz o w/fo
/i G o |Vfi(x) = Vfi(@)|x- < Lif|x — a'[|x
: . . 1. Can we use arbitrary norms (not only the
fn G, Ly, Euclidean) to detine (G, L.)?

2. Can we achieve the best aggregation of
constants in the final complexity?

NGmax > /30, G2 > Y, G,
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Global Complexity Guarantee Extragradient (Korpelevich '76)/
(Convex/Concave): Mirror Prox (Nemirovski, '04) Baseline:
NN (Z@_ Gi+ > L) 0 ndvG? + L2
€
A = \/G? —+ L? (Lipschitz/Smoothness constants of
the vector-valued function f).

Jelena Diakonikolas
University of Wisconsin-Madison

Zaid Harchaoui
University of Washington
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Dual Linear Min-Max Optimization

Ronak Mehta' Jelena Diakonikolas® Zaid Harchaoui'
! University of Washington, Seattle *University of Wisconsin, Madison

June 2, 2025

Abstract

We study a class of convex-concave min-max problems in which the coupled component of the objective is
linear in at least one of the two decision vectors. This problem structure interpolates between the well-studied bi-
linearly coupled and relatively less-studied nonbilinearly coupled min-max problems Relevant applications include
distributionally robust optimization, fully composite optimization, and convex minimization with functional con-
straints. We prove the first complexity upper bounds for this class using an algorithm that combines randomized and
cyclic coordinate-wise updates, which have previously been employed to achieve optimal complexities for bilinearly-
coupled min-max problems. The analysis handles strongly convex and non-strongly convex components in a unified
manner. We also provide lower bounds for particular parameter regimes of practical interest.

Zaid Harchaoui
University of Washington

Jelena Diakonikolas
University of Wisconsin-Madison
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The Mystery of Foundation Models

Learning Transferable Visual Models From Natural Language Supervision

Self-Supervised Learning from Images with a

Alec Radford ! Jong Wook Kim “! Chris Hallacy ' Aditya Ramesh! Gabriel Goh' Sandhini Agarwal ! J Olnt'Embeddlng Predictive Architecture

Girish Sastry! Amanda Askell! Pamela Mishkin' Jack Clark! Gretchen Krueger! Ilya Sutskever '

Mahmoud Assran''?:>* Quentin Duval! Ishan Misra' Piotr Bojanowski'
Pascal Vincent! Michael Rabbat'®> Yann LeCun'* Nicolas Ballas'

GPT-4 Technical Report

Meta AI (FAIR) 2McGill University 3 Mila, Quebec Al Institute ~ *New York University

DINOv2: Learning Robust Visual Features
& deepsecek without Supervision

N Meta

[axime Oquab**, Timothée Darcet**, Théo Moutakanni**,
Marc Szafraniec*, Vasil Khalidov*, Pierre Fernandez, Daniel Haziza,

The Llama 3 Herd Of MOdels Alaaeldin El-Nouby, Mahmoud Assran, Nicolas Ballas, Wojciech Galuba,
Deepseek_R]_: IncenthlZlng ReaSOnlng Capabllli ot s wes, Po-Yao Huang, Shang-Wen Li, Ishan Misra, Michael Rabbat,

\arma, Gabriel Synnaeve, Hu Xu, Hervé Jegou, Julien Mairal’,

R einfor cem ent L e arnin g LA detailed contributor list can be found in the appendix of this paper. Patrick Labatut*, Armand Joulin*, Piotr Bojanowski*
Modern artificial intelligence (AI) systems are powered by foundation models. This paper presents a Meta AI Research Hnria
new set of foundation models, called Llama 3. It is a herd of language models that natively support *core team **equal contribution
DeEPSGEk-AI multilinguality, coding, reasoning, and tool usage. Our largest model is a dense Transformer with |
405B parameters and a context window of up to 128K tokens. This paper presents an extensive
research@deepseek.com empirical evaluation of Llama 3. We find that Llama 3 delivers comparable quality to leading language

models such as GPT-4 on a plethora of tasks. We publicly release Llama 3, including pre-trained and
P post-trained versions of the 405B parameter language model and our Llama Guard 3 model for input
GPT-4. and output safety. The paper also presents the results of experiments in which we integrate image,
| video, and speech capabilities into Llama 3 via a compositional approach. We observe this approach
performs competitively with the state-of-the-art on image, video, and speech recognition tasks. The

resulting models are not yet being broadly released as they are still under development.

Date: July 23, 2024
Website: https://llama.meta.com/
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Many empirical studies have confirmed that
selecting pre-training data is arguably the most
important part of foundation modeling.
Specifically, balancing paired data to achieve

certain marginal constraints is an effective recipe.

DATACOMP:
In search of the next generation of multimodal datasets

Samir Yitzhak Gadre*2, Gabriel Ilharco*', Alex Fang*!, Jonathan Hayase',
Georgios Smyrnis°, Thao Nguyen', Ryan Marten”?, Mitchell Wortsman',
Dhruba Ghosh', Jieyu Zhang', Eyal Orgad?®, Rahim Entezari'’, Giannis Daras®,

Sarah Pratt!, Vivek Ramanujan', Yonatan Bitton'!, Kalyani Marathe!,
Stenhen Mucemann! Richard Vencen 6 Meohdi (Chertif8 Rani Krishnal,

DEMYSTIFYING CLIP DATA | Song”,

’

Hu Xu'! Saining Xie? Xiaoqing Ellen Tan' Po-Yao Huang' Russell Howes' Vasu Sharma'
Shang-Wen Li' Gargi Ghosh! Luke Zettlemoyer' 3 Christoph Feichtenhofer' '
1FAIR, Meta Al

DoReMi: Optimizing Data Mixtures
Speeds Up Language Model Pretraining

Sang Michael Xie'?, Hieu Pham!, Xuanyi Dong!, Nan Du', Hanxiao Liu', Yifeng Lu!,
Percy Liang?, Quoc V. Le!, Tengyu Ma?, and Adams Wei Yu!

!Google DeepMind
2Stanford University
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Techniques for pre-training, prompting, and
overall model reuse have advanced signiticantly in
applications. Virtually no generalization

guarantees (from the perspective of statistical

learning theory) exist for this pipeline.

UNDERSTANDING TRANSFERABLE REPRESENTATION
LEARNING AND ZERO-SHOT TRANSFER IN CLIP

Zixiang Chen'*, Yihe Deng'*, Yuanzhi Li°, Quanquan Gu!
tDepartment of Computer Science, University of California, Los Angeles

Language in a Bottle: Language Model Guided Concept Bottlenecks '
for Interpretable Image Classification

Yue Yang, Artemis Panagopoulou, Shenghao Zhou, Daniel Jin,

Enhancing CLIP with GPT-4: Harnessing Visual Descriptions as Prompts

Mayug Maniparambil, Chris Vorster, Derek Molloy, Noel Murphy,
Kevin McGuinness, Noel E. O’Connor
ML Labs, Dublin City University,
Dublin, Ireland

What does a platypus look like?
Generating customized prompts for zero-shot image classification

Sarah Pratt!” Ian Covert! Rosanne Liu%3 Ali Farhadi'

'University of Washington 2Google DeepMind 3ML Collective
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Motivating Questions

Foundation Modeling

What is the statistical effect of
balancing methods on the pre-
training and the resulting

foundation model?

/ero-Shot Prediction

How do we analyze prompt-
based zero-shot prediction
as a statistical estimator,
such as its comparison to

direct supervision?
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Research Contributions

Exact variance reduction analysis of Theoretical framework for obtaining

balancing-based mean estimation! generalization guarantees for two broad
classes of zero-shot prediction models!

Theorem (Liu, M., Pal, Harchaoui) Thm. 1 (M., Harchaoui)

k times

_ Var(... pz xMx. s 4 |75 — nZS”%F(Qx) S

n
Eq, I(X,Y|2)] + llgg — 9rl3 20,

n

Ep (P (h) — P(h))*]

“photo of a sun”
“photo of a moon”
“photo of a star”

“photo of a planet”
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a dog running through snow .
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several climbers in a row are climbing the rock while the man in red watches and holds the line .
seven climbers are ascending a rock face whilst another man stands holding the rope .

a group of people climbing a rock while one man belays

a group of people are rock climbing on a rock climbing wall .

a collage of one person climbing a cliff .

large brown dog running away from the sprinkler in the grass .

a dog is playing with a hose .

a brown dog running on a lawn near a garden hose
a brown dog plays with the hose .

a brown dog chases the water from a sprinkler on a lawn .
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Conditional Mean Operator: Singular Value Decomposition
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Conditional Mean Operator: Singular Value Decomposition
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Conditional Mean Operator: Singular Value Decomposition

WUx 7 - Lz(Pz) — LQ(P)()
tx—zg|(x) =Ep |g(2)|X] (x)

(s tixcz9) 2 (py) = By [R(X)Ep [g(2)|X]] = Ep [M(X)g(2)] = Ep, [Ep [n(X)|Z]9(Z)] = (ttz-xh, 9)12(p,)

The conditional mean ot Z given X and vice versa are adjoint!
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Conditional Mean Operator: Singular Value Decomposition
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The conditional mean ot Z given X and vice versa are adjoint!
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Conditional Mean Operator: Singular Value Decomposition
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Conditional Mean Operator: Singular Value Decomposition

Independent Weakly Dependent Highly Dependent
1 Mean Square
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Conditional Mean < Information Density
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Conditional Mean < Information Density

o dPX,Z
- dPx P

dPZ|X:a3 (Z)
d Pz

R(x, z) : (@, z) =

= Epy , [9(2)|X] (x) = Ep, [9(Z)R(z, Z)]



Conditional Mean < Information Density

o dPX,Z
- dPx P

d[)Z|X:az (Z)
d Pz

R(x, z) : (@, z) =

= Epy, [9(2)|X] (x) = Ep, [9(Z)R(z, Z)]



Conditional Mean < Information Density

o dPX,Z
- dPx P

dPZ|X::E (Z)
d Pz

R(x, z) : (@, z) =

= Epy, [9(2)|X] (x) = Ep, [9(Z)R(z, Z)]
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Conditional Mean < Information Density

_ dPxz APz x=a
R(@,2) = 9pp, @ 2) = —p — (3)
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I(X,Z2)=F
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Conditional Mean < Information Density

I(X,Z2)=F

_ dPxz APz x=a
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Motivating Questions

Foundation Modeling

What is the statistical effect of
balancing methods on the pre-
training and the resulting

foundation model?
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Pre-Training Data Curation: Balancing Keyword Distributions

O(100M)
Image-Caption
Pairs
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Pre-Training Data Curation: Balancing Keyword Distributions

Entries 7,
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Image-Caption
Pairs
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Pre-Training Data Curation: Balancing Keyword Distributions

Entries 7,

O(100M)
Image-Caption

=

N

C

o

"3_ Matched Captions / Entry

8 Counts Counts Counts Counts
120M 107M 100M 89M
87 67M 67/M 61M
54M 50M 48M 47M
45M 43M 43M 39M
38M 33M 30M 29M




Pre-Training Data Curation: Balancing Keyword Distributions

O(100M)
Image-Caption

Captions

Entries 7,

Entry: photo

Caption: “photo of a cat”

Matched Captions / Entry

Entry Counts | Entry Counts | Entry Counts | Entry  Counts
of 120M | 1n 107M | and 100M | for 8OM
the 87M | The 67M | with 67/M | to 61M
photo 54M | a S0M | image 48M | 1 4T™M
on 45M | by 43M | 2 43M | Image 39M
at 38M | Black 33M | 3 30M | A 2OM
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Pre-Training Data Curation: Balancing Keyword Distributions

Histogram of Entries in Pre-Training Set

Original Rebalanced
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Pre-Training Data Curation: Balancing Keyword Distributions

Histogram of Entries in Pre-Training Set

Original Rebalanced
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10| e
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Pre-Training Data Curation: Balancing Keyword Distributions

Zero-Shot Accuracy of Models with Different Pre-Training Data

Evaluated on CIFAR-100 Evaluated on STL-10
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Pre-Training Data Curation: Balancing Keyword Distributions

How should we interpret this empirically
effective procedure statistically?
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Empirical Risk Minimization with Balancing

Balanced ERM

~ loss on pair (x, 2) of
L ($, Z) ~ model with parameter &
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~ loss on pair (x, 2) of
L ($, Z) ~ model with parameter &
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Empirical Risk Minimization with Balancing

Balanced ERM

(X17 Zl)’ e (er“ Zn) L P | known marginals (PX, Pz)

1 n
P, = — 0
DI
h@(m, Z) _ loss on pair (x, 2) of

model with parameter 6
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Empirical Risk Minimization with Balancing

Balanced ERM

n Kp« |ho( X, Z
min Epy [he(X, Z)]

(X17 Zl)’ e (er“ Zn) L P | known marginals (PX, Pz)

but agrees with the known marginals.

n
P — 1 5 P* — A distribution on X X Z thatis close to P,
1=1

~ loss on pair (x, 2) of
L ($, Z) ~ model with parameter &




Empirical Risk Minimization with Balancing

ho(x, z) =

loss on pair (x, 2) of

model with parameter 6

Balanced ERM

in Kp« |h X,Z
min Kp, [hy(X, Z)

known marginals (PX, Pz)

P*= argmin KL(Q|FP,)
QcCoup(Px ,Pz)

Coup(Px,Pz) ={Q : Qx = Px,Qz = Pz}
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How do we perform balancing in practice?

(Sinkhorn Iterations, Iterative Proportional Fitting, Raking Ratio Estimation)
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How do we perform balancing in practice?

(Sinkhorn Iterations, Iterative Proportional Fitting, Raking Ratio Estimation)

Odd Iterations

P* = argmin KL(Q|P,)
Q:Qx=Px

Even Iterations

P'*) = argmin KL(Q||P,)
Q:Qz=Pz
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L2(PX)_
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How do we perform balancing in practice?

(Sinkhorn Iterations, Iterative Proportional Fitting, Raking Ratio Estimation)

Odd Iterations

P* = argmin KL(Q|P,)
Q:Qx=Px

Even Iterations

P'*) = argmin KL(Q||P,)
Q:Qz=Pz
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Empirical Risk Minimization with Balancing

Rebalanced ERM

n Kp« |ho( X, Z
min Ep; [he(X, Z)]




Empirical Risk Minimization with Balancing

Odd Iterations

P* = argmin KL(Q|P,)
Q:Qx=Px

Rebalanced ERM

min
g cRd

Even Iterations

P = arg min KL(Q||P,)
Q:Qz=Pz
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Empirical Risk Minimization with Balancing

Rebalanced ERM

min
0 cRd

Odd Iterations Even Iterations

P* = argmin KL(Q|P,) ) P = arg min KL(Q||P,)
Q:Qx=Px P7S ) Q:Qz=Pz




Empirical Risk Minimization with Balancing

Rebalanced ERM

min
HeRd.

— P (h) ~ P(h)

We hide the dependence on 0
and consider point-wise

estimation for a tixed h = h,,.
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Empirical Risk Minimization with Balancing

Rebalanced ERM

min
HeRd.

We measure the benefit ot balancing via variance/MSE
reduction for estimating the expectation of a fixed test function.
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Conditional Mean Conditional Centering
px s+ L7 (P) = L*(Px) px.. : L*(P) = L*(P)

[M;—Zh](ma Z) — h(wv z) _ [M?G—Zh](w)

We measure the benefit ot balancing via variance/MSE
reduction for estimating the expectation of a fixed test function.
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Theorem (Liu, M., Pal, Harchaoui)

k times
S k var :uz X:u)a_zh) ~ k°
o (P00 - POy = PCtEtnal) o (K
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Odd Iterations Even lterations

P! = argmin KL(Q| P,) P = argmin KL(Q| P,)

Q:Qx=Px P,',(LO) = P'n, Q:Qz=Pz

Nonlinear Projections 104



Odd Iterations Even lterations

P = argmin KL(Q| P,) P = argmin KL(Q| P,)
Q:Qx=Px PY =P, Q:Qz=Pz

Nonlinear Projections — Linear Projections 105



Theorem (Liu, M., Pal, Harchaoui) k times

35 [(Pfr(zk)(h) _ P(h))Q] _ Var(: "/L;—X:uﬁé—z ) | 0 ( kG )

n n3/2

Odd lterations Even lterations

P'®) = argmin KL(Q| P,) P = argmin KL(Q| P,)
Q:Qx=Px PO — Pn Q:Qz=Pz

L*(P)

Nonlinear Projections — Linear Projections — Variance Reduction 106



Theorem (Liu, M., Pal, Harchaoui)

k times
k var :uz X:u)a_zh) ~ k°
[P — O] = Vst o (K

P = PJ(h) = [P — Pl(pxc_zh) + [P — Pl(pxzh)

n
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Theorem (Liu, M., Pal, Harchaoui)

k times

ﬂp [(Pfr(zk)(h) L P(h))Q} _ Var(: /L;—X:u)a—zh) | 0 ( kG )

=0 . The X-marginal of both
[Pfr(zk) o P](h) — [Pr(zk) - P] (MX zh) [Pfé’” — P] (/ﬁxezh) distributions match

(assuming k odd)
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Theorem (Liu, M., Pal, Harchaoui)

k times
k var :uz X:u)a_zh) ~ k°
[P — O] = Vst o (K

P = P(h) = [P” — Pl(px_,h)

n
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Theorem (Liu, M., Pal, Harchaoui)

k times

L b [(Pfr(zk)(h) _ P(h))Q] _ Var( :uz X:u)a—zh) | 0 ( kG )

n n3/2

P = P(h) = [P” — Pl(px_,h)
= [Py = Pl(px_zh) + [P = P V(. h)

LT N n
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Theorem (Liu, M., Pal, Harchaoui)

k times
A k var :uz XluX<—Zh ~ °
o [P 1) — PO)Y] = L tiiial) g (757)

P = Pi(h) = [Py = P(us..h)
= [PY) = Pllpkoh) + [P = Py )(usish)

Like LHS, but with a error term

conditional centering
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Theorem (Liu, M., Pal, Harchaoui)

k times

ﬂP [(Pfr(zk)(h) _ P(h))Q] _ Var( :uz X:u)a—zh) | 0 ( kG )

n3/2

PY — Pl(h) =[P} — Pl(ux_,h)
(TR Pl(ut_,h) + [P — POk )
unroll k times
= [P — P|(...pt o pit h) + S, ([P — P9k ik h)
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Theorem (Liu, M., Pal, Harchaoui)

k times

ﬂP [(Pfr(zk)(h) _ P(h))Q] _ Var( :uz X:u)a—zh) | 0 ( kG )

n3/2

PY — Pl(h) = [P — P)(px_,h)
= [P — Pl(ux_,h) + [P — PE D]y ,h)
= [P — P)(... py b Zh)+Zg P — POy i s h)
k times
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Theorem (Liu, M., Pal, Harchaoui)

k times

ﬂP [(Pfr(zk)(h) _ P(h))Q] _ Var( :uz X:u)a—zh) | 0 ( kG )

n3/2

P — P)(h) = [P — P)(px.,h)
= [P*V — Pl(px_,h) + [P — PV (x4 h)
= [P = PJ(. . pg bt sh) + 31 [PP — PSN( pik oy )
k times
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Theorem (Liu, M., Pal, Harchaoui)

k times

ﬂP [(Pfr(zk)(h) _ P(h))Q] _ Var( :uz X:u)a—zh) | O ( k6 >

n3/2

PY — Pl(h) = [P — P)(px_,h)
= [P — Pl(ux_,h) + [P — PE D]y ,h)
= [P — P)(... py b Zh)+Zg P — PED1( Ly i s )
k times
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Theorem (Liu, M., Pal, Harchaoui)

k times

ﬂP [(Pfr(zk)(h) _ P(h))Q] _ Var( :uz X:u)a—zh) | O ( kG )

n3/2

P = PJ(h) = [P" — Pl(px. ;1)
= [P = Pl(pxcoh) + [P — P V). h)
= [P = P)(- - iyt zP) + 244 [P = PYOY g i, h)

. Px (x .
PO PED( Lk k) Z( 3 )) 1) gkt B(@, 2) P (@, 2)

unmatched marginal

error O(n~1?) 116



Theorem (Liu, M., Pal, Harchaoui)

k times

ﬂP [(Pfr(zk)(h) _ P(h))Q] _ Var( :uz X:u)a—zh) | O ( kG )

n3/2

[P — P|(h) = [P” — Pl(px_,h)
= [PV = Pl(ux_,h) + [P — PV (ux_,h)

= [P = PI(- - izt 1) + S0 [P = PYIN (o i i h)

. Px (x .
PO _ PUDY(puk ik p) Z( X )) 1) ok i R, 2) PO (a, )

control using similar

recursion O(n_l/z)
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Theorem (Liu, M., Pal, Harchaoui)

3 b [(Pfr(zk)(h) L P(h))Q} _ Var( :uz XluX<—Zh)

n

P, — P](h)

n

— [Pfr(LO) o P]( :uz XluX<—Zh)

What is the actual
reduction in variance?

118



Theorem (Liu, M., Pal, Harchaoui)

3 b [(P,,(Lk)(h) L P(h))Q} _ Var( :uz XMXPZh)

n

— [Pfr(LO) o P]( . M;—X/L;—Zh) |

,U)La_z =1 — px 7
1 1 — ] _ o
My xMx. 7 = Mxecz — Mlzex T Hzexbxez
Mf&zﬂéxﬂiﬁz =1 —lxz — Pzex T Uzexlxez T Phxczllzex — Pxezlzex Uxez
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Theorem (Liu, M., Pal, Harchaoui)

3 b [(Pfr(zk)(h) o P(h))Q} . Var( :uz X:u)a—zh)

n

k 1
o [Pfr(LO) o P]( o /L;—X:u;—zh) T Zé:l[Pfr(LE) o P?%E )]( o Mix#;izh)

II’Lﬁ;—Z =1 —px
1 1
My xMx. 7 = [ — Mxecz — Hzex Mzex xz
/’Li’:—ZIU’é:—XlLLi’z—Z Sl e e T e el Pxezfbzex Bxez
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Theorem (Liu, M., Pal, Harchaoui)

3 b [(Pfr(zk)(h) o P(h))Q} . Var( :uz X:u)a—zh)

n

k 1
o [szg,O) o P]( o /L;—X:u;—zh) T Zé:l[P’rg,ﬁ) o P?%E )]( o Mix,u;izh)

/’Lﬁa—z =1 —px
1 1
My xMx. 7 = [ — Mxecz — Hzex Mzex xz
Mf&zﬂéx/ﬁf@z L e e T s e sl Pxezfbzex Bxez
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Theorem (Liu, M., Pal, Harchaoui)

3 b [(Pfr(zk)(h) o P(h))Q} . Var( :uz X:u)a—zh)

n

k 1
o [Pfr(LO) o P]( o /L;—X:u;—zh) T Zé:l[Pfr(LE) o P?%E )]( o Mix#;izh)

II’Lﬁ;—Z =1 —px
1 1
My xMx. 7 = [ — Mxecz — Hzex Mzex xz
Mi&zﬂéxﬂf@z L s e T e s e sl Pxezfbzex Bxez
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Theorem (Liu, M., Pal, Harchaoui)

Ofe [(P’r(zk)(h) o P(h))Q] . Va“r( :uz XluX<—Zh)

n

k 1
o [PT(L(D o P]( o :ué:—xlui—zh) T Zf:l[P;LE) o P,,Ef >]( :uz Xﬂxezh)

Mﬁ(z—z =1 — pix.
:ué:—Xluii—Z =1 — Mxecz — Hzex Hzex Uxez <1:Px,z [h(X7 Z)|X] ()
M;L@ZM;XM;L@Z = [ — Uxez — Pzgex T Mzexxez T UxezMzex — ,UX<—Z,UZ<—X,UX<—Z}Z
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Old Friend: Singular Value Decomposition

Basis of LQ(PX): 1,009, ...

Ux zBi = Si0y

Basis of L?(Pyz): 1,02, -.

Uzex O = 8ii

43PX,Z [h(Xa Z)‘X] ()
Uxczlzex Uxz h

124



Old Friend: Singular Value

Decomposition

Basis of L*(Px): a1, 2, . ..

UxczBi = 8;0

Basis of L*(Pz): 51,082, - -

Uz x Oy = 8;[3;

4:PX,Z [h(Xv Z)‘X] ()
Uxczlzex Uxz h

Ux.zh = E U; 0
)
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Old Friend: Singular Value Decomposition

Basis of L*(Px): a1, 2, . ..

UxczBi = 8;0

Basis of L*(Pz): B1,Be,.- ..

Uz x Oy = 8;[3;

Uxczlzex Uxz h

Pxczh = Z Si; B
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Old Friend: Singular Value

Decomposition

Basis of L*(Px): a1, 2, . ..

UxczBi = 8;0

Basis of L*(Pz): B1,Be,.- ..

Uz x Oy = 8;[3;

Uxczlzex Uxz h

2
pxozh = E S; Wiy
)

127



Old Friend: Singular Value

Decomposition

Basis of L*(Px): a1, 2, . ..

UxczBi = 8;0

Basis of L*(Pz): 51,082, - -

Uz x Oy = 8;[3;

Uxczlzex Uxz h

10
fxezh = E Si Uiy
i
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>, .2
u; + v; — 28;U;V;
2
1 — s

Var(h) — Var(...pu.  px.  h)
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Research Contributions

Exact variance reduction analysis of Theoretical framework for obtaining

balancing-based mean estimation! generalization guarantees for two broad
classes of zero-shot prediction models!

Theorem (Liu, M., Pal, Harchaoui) Thm. 1 (M., Harchaoui)

k times

_ Var(... pz xMx. s 4 |75 — nZS”%F(Qx) S

n
Eq, I(X,Y|2)] + llgg — 9rl3 20,

n

Ep (P (h) — P(h))*]

“photo of a sun”
“photo of a moon”
“photo of a star”

“photo of a planet”




Preliminaries

Balanced Pre-Training

/ero-Shot Prediction

Conclusion
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University of
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The Prediction Path to Zero-Shot Generalization
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Motivating Questions

/ero-Shot Prediction

How do we analyze prompt-
based zero-shot prediction
as a statistical estimator,
such as its comparison to

direct supervision?

134



— Image Encoder —
"photo of a sun” ‘ | ‘
“photo of a moon” ‘ ‘
ext Encoder — I
“photo of a star” ‘ ‘
"photo of a planet” ‘ ‘
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"photo of a sun”

“photo of a moon”

“photo of a star”

"photo of a planet”

T — arg max — Z<a(w),6(ZZ)>

(1’
y<' k=1

136



Zero-Shot Prediction: Compatibility of Three Distributions

How should we interpret this procedure from
the perspective of statistical learning theory?
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Zero-Shot Prediction: Compatibility of Three Distributions

How should we interpret this procedure from
the perspective of statistical learning theory?

Step 1: Define the downstream task we wish to
solve (no different from supervised learning).

Step 2: Define the population version ot the zero-
shot prediction procedure and justity it.

Step 3: Provide two estimation frameworks and
generic error decompositions that can be used to
prove generalization risk bounds.

138



Zero-Shot Prediction: Compatibility of Three Distributions

Px 7z

Pre-Training
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Zero-Shot Prediction: Compatibility of Three Distributions

Px 7z

Pre-Training

Qx.y

Evaluation
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Zero-Shot Prediction: Compatibility of Three Distributions

Pre-Training

Qx.y

Evaluation

airplane "AIE‘-..V r...:&-
omotie N DRSS
Tl NES ¥ B
el e Lol B .

Ll lag BN Vi

o 0 i B Y
EEEREDDANE
il B 3 Y e B T T
=S T P P
7 s B S S

: "Tw'\,'
v w!.f

the white and brown dog is running over the surface of the snow .
a white and brown dog is running through a snow covered field .
a dog running through snow .

a dog is running in the snow

a brown and white dog is running through the snow .

man on skis looking at artwork for sale in the snow

a skier looks at framed pictures in the snow next to trees .

a person wearing skis looking at framed pictures set up in the snow .
a man skis past another man displaying paintings in the snow .

a man in a hat is displaying pictures next to a skier in a blue hat .

several climbers in a row are climbing the rock while the man in red watches and holds the line .

seven climbers are ascending a rock face whilst another man stands holding the rope .
a group of people climbing a rock while one man belays
a group of people are rock climbing on a rock climbing wall .

a collage of one person climbing a cliff .

large brown dog running away from the sprinkler in the grass .
a dog is playing with a hose .

a brown dog running on a lawn near a garden hose

a brown dog plays with the hose .

a brown dog chases the water from a sprinkler on a lawn .

e

)

-
y =
&




Zero-Shot Prediction: Compatibility of Three Distributions

Px 7z

Pre-Training

Qx.y

Evaluation

Task: Least-Squares Regression

min
nN: X—R
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Zero-Shot Prediction: Compatibility of Three Distributions

Px 7z

Pre-Training

Qx.y

Evaluation

n(x) = Eqx v [YIX] ()
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Zero-Shot Prediction: Compatibility of Three Distributions

Px 7z

Pre-Training

Qx.y

Evaluation

144



Zero-Shot Prediction: Compatibility of Three Distributions

Px 7z

Pre-Training

Qx.y

Evaluation

Ry 7

Prompting

LRy, [Y]Z]|X] ()
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Zero-Shot Prediction: Compatibility of Three Distributions

Px 7z

Pre-Training

Qx.y

Evaluation

Ry 7

Prompting

LRy, [Y]Z]|X] ()
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Zero-Shot Prediction: Compatibility of Three Distributions

Px 7z

Pre-Training

Qx.y

Evaluation

Ry 7

Prompting

LRy, [Y]Z]|X] ()
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Zero-Shot Prediction: Compatibility of Three Distributions

“photo of a sun”
“photo of a moon”

“photo of a star”

“photo of a planet”

“Px 7
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Zero-Shot Prediction: Compatibility of Three Distributions

“photo of a sun”

“photo of a moon”

“photo of a star”

“photo of a planet”
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Zero-Shot Prediction: Compatibility of Three Distributions

“photo of a sun”

“photo of a moon”

“photo of a star”

“photo of a planet”
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nzs(x)
nzs(x)

{'PX,Z [{'RY,Z [Y‘Z]‘X} ($)

py.z l9r(Z)]|X] ()
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Conditional Mean Information Density
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Conditional Mean Information Density

lx s : L?(Pz) — L*(Px) aPy

. ] APz x=a
ip [9(2)|X] () e

d P

|
X

(mvz) —

tx 9] ()
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Conditional Mean

nzs(T) = |x_zgr|(T)

Information Density

nzs(x)

“Ry. z

Y -R(x, Z)| + err(Pyz, Ry)
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Conditional Mean Information Density

A

VA (CL‘) — [MXPZQR](JO NZzs (.’13) :RY,Z [Y R(QB, Z)] T err(P27 RZ)

Conditional Mean Approach

Nzs(x) = |fix_zgr)(T)

0 (XlaZl)w-'a(XnaZn) NPX,Z

Estimate Ux.z (operator regression)

9 (Yl7Zl)7'°'7(YM72M)NRY,Z

Estimate gr (nhonparametric regression)
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Conditional Mean Information Density

VA (ZE‘) — [MXeZgR] (il?‘) NZzs (ZB) — 43RY,Z [Y ' R(QB, Z)] T err(P27 RZ)
Conditional Mean Approach Information Density Approach
Nzs(x) = |fix-zgr)(x) nzs(@) =Eg, Y -R(@,2)
0 (X1,21),...,(Xn,Zpn) ~ Px.z 0 (X1,71), ..., (Xn,Zn) ~ Px 7z
Estimate lx.z (operator regression) (X1,29),....( X, Z) ~ PxPy
Estimate R (RND estimation)
9 (Y1,21), ..., (Y, Zar) ~ Ry 7 9 Y1,21)y..., (Y, Zar) ~ Ry z

Estimate gr (nonparametric regression) Estimate Eg,. , || (infinite-dimensional
mean estimation)
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17 — fzslliec0x) < 20 — nzslE2i0.) + 2lnzs — fzsllizio.)
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Thm. 1 (M., Harchaoui)

Ime = mzsllL2(gx) S

joint evaluation distribution

QX,Y,Z with latent caption

VA
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Thm. 1 (M., Harchaoui)

7% — nzs| %2(QX) N
LQ [[(X,Y Z)]

joint evaluation distribution

QX,Y,Z with latent caption

VA

T)

Direct and indirect paths differ when X and
Y are conditionally dependent given Z.
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Thm. 1 (M., Harchaoui)

7% — nzs| %2(QX) N
Lo, (X, YI2)] + l9g — 9rllE2(0,)

joint evaluation distribution

QX,Y,Z with latent caption

VA

T)

Direct and indirect paths differ when X and
Y are conditionally dependent given Z.

gr(2) = YRy 2 Y|Z] (z) prompt distribution

go(z) = LQy 7 Y|Z|(2) true relationship 160



Thm. 1 (M., Harchaoui)

7% — nzs| %2(QX) N
Lo, (X, YI2)] + l9g — 9rllE2(0,)

joint evaluation distribution

QX,Y,Z with latent caption

VA

T)

Direct and indirect paths differ when X and
Y are conditionally dependent given Z.

gr(2) = YRy 2 Y|Z] (z) prompt distribution

gQ(Z) = Qy » Y|Z|(2) true relationship 161



Thm. 1 (M., Harchaoui) Thm. 2 (M., Harchaoui) Conditional Mean

7% — nzs| %2(QX) N
Lo, (X, YI2)] + l9g — 9rllE2(0,)

joint evaluation distribution .

QX,Y,Z with latent caption Nzs (ZB) - ['ax‘_ZQR](m)

VA

T)

Direct and indirect paths differ when X and
Y are conditionally dependent given Z.

gr(2) = YRy 2 Y|Z] (z) prompt distribution

gQ(Z) = Qy » Y|Z|(2) true relationship 1627



Thm. 1 (M., Harchaoui)

7 — nzs) %Q(QX) N
L0, (X, Y Z2)] 4 llgo — 9rlliz 0,

joint evaluation distribution
with latent caption

OQxyv.z

VA

T)

Direct and indirect paths differ when X and
Y are conditionally dependent given Z.

Thm. 2 (M., Harchaoui) Conditional Mean

Inzs — NzsllT2(py) S

plog(1/6) {n_# +M_2§—51} wp.1—90

Nzs(x) = [fxzgr)(T)

q . . A
n~ a+1 (estimating Ux.z using x.z)

1 < g — oo effective dimension of Z is small
relative to effective dimension of X

X and Z are (approximately)
independent

gr(2) = YRy 2 Y|Z] (z) prompt distribution

QQ(Z) = LQy 4 :Y Z: (Z) true relationship

M 2§i1 (estimating gRr using gR)

1 <~ p— o0 effective dimension
of Z is small
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Thm. 1 (M., Harchaoui) Thm. 3 (M., Harchaoui) Information Density

7% — nzs| %2(QX) N
Lo, (X, YI2)] + l9g — 9rllE2(0,)

joint evaluation distribution hizs ()
with latent caption

|
?
sl
B
N

OQxyv.z

VA

T)

Direct and indirect paths differ when X and
Y are conditionally dependent given Z.

gr(2) = YRy 2 Y|Z] (z) prompt distribution

go(z) = LQy Y|Z] (2) true relationship 164



Thm. 1 (M., Harchaoui) Thm. 3 (M., Harchaoui) Information Density

(7% — mzs) %2(QX) N Inzs — ﬁZSH%P(PX) S err(Pz, Rz)

Lo, (X, YI2)] + l9g — 9rllE2(0,)

joint evaluation distribution
with latent caption

OQxyv.z

n q_c|1_1 (estimating R using R )

Nzs 1 <~ g — oo XandZare (approximately)
independent
N, M_l (estimating Ry 7 using }?Y,Z)
Direct and indirect paths differ when X and err (P, Ry)  (error term from
Y are conditionally dependent given Z. nzs(x) = Eg, , [Y -R(z, Z)] + err(Pz,Rz) )

gr(2) = YRy 2 Y|Z] (z) prompt distribution

QQ(Z) = LQy 4 :Y Z: (Z) true relationship
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Research Contributions

Exact variance reduction analysis of Theoretical framework for obtaining

balancing-based mean estimation! generalization guarantees for two broad
classes of zero-shot prediction models!

Theorem (Liu, M., Pal, Harchaoui) Thm. 1 (M., Harchaoui)

k times

_ Var(... pz xMx. s 4 |75 — nZS”%F(Qx) S
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Perspectives: Balanced Pre-Training

® Non-asymptotic mean squared error bounds for nonlinear functionals.
U(P) + Pal0ff)) = W(P) = [P — Pl(go) + RiY) + D
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Perspectives: Zero-Shot Prediction

® |[ncorporating ERM-based statistical results for models based optimizing
foundation modeling objectives.

S

R = mF:{in L, (R)
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Perspectives: Zero-Shot Prediction

® |[ncorporating ERM-based statistical results for models based optimizing
foundation modeling objectives.

S

R = mF:{in L, (R)

D 2
HRopt - RHLQ(PXPZ) <
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Perspectives: Zero-Shot Prediction

® |[ncorporating ERM-based statistical results for models based optimizing
foundation modeling objectives.

S

R = mF:{in L, (R)

HRopt - RH%Q(PXPZ) < 2HRopt - RH%Z(PXPZ) T QHR o RH%P(PXPZ)

optimization error
(hon-convex)
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Perspectives: Zero-Shot Prediction

® |[ncorporating ERM-based statistical results for models based optimizing
foundation modeling objectives.

S

R = mF:{in L, (R)

HRopt - RH%Q(PXPZ) < 2HRopt - RH%Z(PXPZ) T QHR o RH%P(PXPZ)

optimization error statistical error
(hon-convex)

IR =RlL2(pyp,) < C(L(R) — L(R))
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Perspectives: Zero-Shot Prediction

® |[ncorporating ERM-based statistical results for models based optimizing
foundation modeling objectives.

S

R = mF:{in L, (R)

HRopt - RH%Q(PXPZ) < 2HRopt - RH%Z(PXPZ) T QHR o RH%P(PXPZ)

optimization error statistical error
(hon-convex)

IR—R|i2(p, p,) < C(LR) — L(R))
< 2Csup (L,(R) — L(R))
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