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Data Generating 
Distribution 

Empirical distribution of 
training examples.

<latexit sha1_base64="iHsn3GBPjSLsF9+LYDKfKnaxbRc=">AAAB6HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVJcFNy5bsQ9oB8mkd9rYTGZIMkIZ+gVuXCji1k9y59+YtrPQ1gOBwznnkntPkAiujet+O4W19Y3NreJ2aWd3b/+gfHjU1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8H4ZuZ3nlBpHst7M0nQj+hQ8pAzaqzUbDyUK27VnYOsEi8nFchh81/9QczSCKVhgmrd89zE+BlVhjOB01I/1ZhQNqZD7FkqaYTaz+aLTsmZVQYkjJV90pC5+nsio5HWkyiwyYiakV72ZuJ/Xi814bWfcZmkBiVbfBSmgpiYzK4mA66QGTGxhDLF7a6EjaiizNhuSrYEb/nkVdK+qHq1aq15Wanf5XUU4QRO4Rw8uII63EIDWsAA4Rle4c15dF6cd+djES04+cwx/IHz+QOx+4zv</latexit>

P



Distribution 
Shift

<latexit sha1_base64="zqc8mBSrlOwnIZI5s5s7NSSpa4Y=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vjw4rEV+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/PbT6g0j+WDmSToR3QoecgZNVZqNPqlsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVr93kcBTiFM7gAD66hBndQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kDs3+M8A==</latexit>
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Data Generating 
Distribution 

Evaluation 
Distribution 

<latexit sha1_base64="zqc8mBSrlOwnIZI5s5s7NSSpa4Y=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vjw4rEV+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/PbT6g0j+WDmSToR3QoecgZNVZqNPqlsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVr93kcBTiFM7gAD66hBndQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kDs3+M8A==</latexit>

Q

Empirical distribution of 
training examples.

<latexit sha1_base64="iHsn3GBPjSLsF9+LYDKfKnaxbRc=">AAAB6HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVJcFNy5bsQ9oB8mkd9rYTGZIMkIZ+gVuXCji1k9y59+YtrPQ1gOBwznnkntPkAiujet+O4W19Y3NreJ2aWd3b/+gfHjU1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8H4ZuZ3nlBpHst7M0nQj+hQ8pAzaqzUbDyUK27VnYOsEi8nFchh81/9QczSCKVhgmrd89zE+BlVhjOB01I/1ZhQNqZD7FkqaYTaz+aLTsmZVQYkjJV90pC5+nsio5HWkyiwyYiakV72ZuJ/Xi814bWfcZmkBiVbfBSmgpiYzK4mA66QGTGxhDLF7a6EjaiizNhuSrYEb/nkVdK+qHq1aq15Wanf5XUU4QRO4Rw8uII63EIDWsAA4Rle4c15dF6cd+djES04+cwx/IHz+QOx+4zv</latexit>
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Distribution 
Shift

<latexit sha1_base64="zqc8mBSrlOwnIZI5s5s7NSSpa4Y=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vjw4rEV+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/PbT6g0j+WDmSToR3QoecgZNVZqNPqlsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVr93kcBTiFM7gAD66hBndQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kDs3+M8A==</latexit>
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Data Generating 
Distribution 

Evaluation 
Distribution 

Estimate a parameter with 
good performance under , 

given data from .
Q

P
Empirical distribution of 

training examples.

<latexit sha1_base64="zqc8mBSrlOwnIZI5s5s7NSSpa4Y=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vjw4rEV+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/PbT6g0j+WDmSToR3QoecgZNVZqNPqlsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVr93kcBTiFM7gAD66hBndQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kDs3+M8A==</latexit>

Q
<latexit sha1_base64="iHsn3GBPjSLsF9+LYDKfKnaxbRc=">AAAB6HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVJcFNy5bsQ9oB8mkd9rYTGZIMkIZ+gVuXCji1k9y59+YtrPQ1gOBwznnkntPkAiujet+O4W19Y3NreJ2aWd3b/+gfHjU1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8H4ZuZ3nlBpHst7M0nQj+hQ8pAzaqzUbDyUK27VnYOsEi8nFchh81/9QczSCKVhgmrd89zE+BlVhjOB01I/1ZhQNqZD7FkqaYTaz+aLTsmZVQYkjJV90pC5+nsio5HWkyiwyYiakV72ZuJ/Xi814bWfcZmkBiVbfBSmgpiYzK4mA66QGTGxhDLF7a6EjaiizNhuSrYEb/nkVdK+qHq1aq15Wanf5XUU4QRO4Rw8uII63EIDWsAA4Rle4c15dF6cd+djES04+cwx/IHz+QOx+4zv</latexit>
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Distribution 
Shift

<latexit sha1_base64="zqc8mBSrlOwnIZI5s5s7NSSpa4Y=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vjw4rEV+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/PbT6g0j+WDmSToR3QoecgZNVZqNPqlsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVr93kcBTiFM7gAD66hBndQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kDs3+M8A==</latexit>
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Data Generating 
Distribution 

Evaluation 
Distribution 

Empirical distribution of 
training examples.

<latexit sha1_base64="zqc8mBSrlOwnIZI5s5s7NSSpa4Y=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vjw4rEV+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/PbT6g0j+WDmSToR3QoecgZNVZqNPqlsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVr93kcBTiFM7gAD66hBndQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kDs3+M8A==</latexit>

Q
<latexit sha1_base64="iHsn3GBPjSLsF9+LYDKfKnaxbRc=">AAAB6HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVJcFNy5bsQ9oB8mkd9rYTGZIMkIZ+gVuXCji1k9y59+YtrPQ1gOBwznnkntPkAiujet+O4W19Y3NreJ2aWd3b/+gfHjU1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8H4ZuZ3nlBpHst7M0nQj+hQ8pAzaqzUbDyUK27VnYOsEi8nFchh81/9QczSCKVhgmrd89zE+BlVhjOB01I/1ZhQNqZD7FkqaYTaz+aLTsmZVQYkjJV90pC5+nsio5HWkyiwyYiakV72ZuJ/Xi814bWfcZmkBiVbfBSmgpiYzK4mA66QGTGxhDLF7a6EjaiizNhuSrYEb/nkVdK+qHq1aq15Wanf5XUU4QRO4Rw8uII63EIDWsAA4Rle4c15dF6cd+djES04+cwx/IHz+QOx+4zv</latexit>

P

Estimate a parameter with 
good performance under , 

given data from .
Q

P



Distribution 
Shift
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Data Generating 
Distribution 

Evaluation 
Distribution 

Empirical distribution of 
training examples.

Estimate a parameter with 
good performance under , 

given data from .
Q

P

<latexit sha1_base64="zqc8mBSrlOwnIZI5s5s7NSSpa4Y=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vjw4rEV+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/PbT6g0j+WDmSToR3QoecgZNVZqNPqlsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVr93kcBTiFM7gAD66hBndQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kDs3+M8A==</latexit>

Q
<latexit sha1_base64="iHsn3GBPjSLsF9+LYDKfKnaxbRc=">AAAB6HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVJcFNy5bsQ9oB8mkd9rYTGZIMkIZ+gVuXCji1k9y59+YtrPQ1gOBwznnkntPkAiujet+O4W19Y3NreJ2aWd3b/+gfHjU1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8H4ZuZ3nlBpHst7M0nQj+hQ8pAzaqzUbDyUK27VnYOsEi8nFchh81/9QczSCKVhgmrd89zE+BlVhjOB01I/1ZhQNqZD7FkqaYTaz+aLTsmZVQYkjJV90pC5+nsio5HWkyiwyYiakV72ZuJ/Xi814bWfcZmkBiVbfBSmgpiYzK4mA66QGTGxhDLF7a6EjaiizNhuSrYEb/nkVdK+qHq1aq15Wanf5XUU4QRO4Rw8uII63EIDWsAA4Rle4c15dF6cd+djES04+cwx/IHz+QOx+4zv</latexit>
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Distribution 
Shift
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Data Generating 
Distribution 

Evaluation 
Distribution 

Empirical distribution of 
training examples.

Estimate a parameter with 
good performance under , 

given data from .
Q

P

<latexit sha1_base64="zqc8mBSrlOwnIZI5s5s7NSSpa4Y=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vjw4rEV+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/PbT6g0j+WDmSToR3QoecgZNVZqNPqlsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVr93kcBTiFM7gAD66hBndQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kDs3+M8A==</latexit>

Q
<latexit sha1_base64="iHsn3GBPjSLsF9+LYDKfKnaxbRc=">AAAB6HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVJcFNy5bsQ9oB8mkd9rYTGZIMkIZ+gVuXCji1k9y59+YtrPQ1gOBwznnkntPkAiujet+O4W19Y3NreJ2aWd3b/+gfHjU1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8H4ZuZ3nlBpHst7M0nQj+hQ8pAzaqzUbDyUK27VnYOsEi8nFchh81/9QczSCKVhgmrd89zE+BlVhjOB01I/1ZhQNqZD7FkqaYTaz+aLTsmZVQYkjJV90pC5+nsio5HWkyiwyYiakV72ZuJ/Xi814bWfcZmkBiVbfBSmgpiYzK4mA66QGTGxhDLF7a6EjaiizNhuSrYEb/nkVdK+qHq1aq15Wanf5XUU4QRO4Rw8uII63EIDWsAA4Rle4c15dF6cd+djES04+cwx/IHz+QOx+4zv</latexit>
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<latexit sha1_base64="U5nTwVpo84hAzBZoQ75bXF3qdY8="></latexit>

min
x2X

max
y2Y

hy, f(x)i �  (y) + �(x)
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<latexit sha1_base64="U5nTwVpo84hAzBZoQ75bXF3qdY8="></latexit>

min
x2X

max
y2Y

hy, f(x)i �  (y) + �(x)

Losses on training examples
<latexit sha1_base64="AiO6jxIna3vj+wj4VzkpD3TnStU="></latexit>

f(x) = (f1(x), . . . , fn(x))

Weights on training examples

General Exam: Distributionally Robust Optimization

Model parameters
<latexit sha1_base64="R4t/u/n63cdbuRRbOn6wpygRul8="></latexit>

X = Rd

<latexit sha1_base64="gw+Q8p3RHfd4fwxgXNnI+LCrsPA="></latexit>

Y = �n�1
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<latexit sha1_base64="U5nTwVpo84hAzBZoQ75bXF3qdY8="></latexit>

min
x2X

max
y2Y

hy, f(x)i �  (y) + �(x)

Losses on training examples
<latexit sha1_base64="AiO6jxIna3vj+wj4VzkpD3TnStU="></latexit>

f(x) = (f1(x), . . . , fn(x))

Weights on training examples

<latexit sha1_base64="FejbzPSJui6UmQ+HJhqAh76MG48="></latexit>

�(x) =
µ

2
kxk22 Regularizer

<latexit sha1_base64="C72D1RXCsDCJfNjdFj1OA0QTEhA="></latexit>

 (y) = DKL(yk1/n) Shift penalty

General Exam: Distributionally Robust Optimization

Model parameters
<latexit sha1_base64="R4t/u/n63cdbuRRbOn6wpygRul8="></latexit>

X = Rd

<latexit sha1_base64="gw+Q8p3RHfd4fwxgXNnI+LCrsPA="></latexit>

Y = �n�1
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<latexit sha1_base64="U5nTwVpo84hAzBZoQ75bXF3qdY8="></latexit>

min
x2X

max
y2Y

hy, f(x)i �  (y) + �(x)

Example: Minimization with Functional Constraints
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<latexit sha1_base64="U5nTwVpo84hAzBZoQ75bXF3qdY8="></latexit>

min
x2X

max
y2Y

hy, f(x)i �  (y) + �(x)

Example: Minimization with Functional Constraints

<latexit sha1_base64="O0DxZIlGi2u8u2gmDZVTn7pEoTU="></latexit>

min
x2X

�(x)

<latexit sha1_base64="0qU7m8ZOgfow/uYiGHncLsJa89k="></latexit>

s. t. fi(x)  0, i = 1, . . . , n
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<latexit sha1_base64="U5nTwVpo84hAzBZoQ75bXF3qdY8="></latexit>

min
x2X

max
y2Y

hy, f(x)i �  (y) + �(x)

<latexit sha1_base64="a5pXlHOCxE4p1+w+o8ELVhgIGiU="></latexit>x

<latexit sha1_base64="wH3hbt+z0gE460WR7buIo09lP2E="></latexit>y
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<latexit sha1_base64="U5nTwVpo84hAzBZoQ75bXF3qdY8="></latexit>

min
x2X

max
y2Y

hy, f(x)i �  (y) + �(x)

<latexit sha1_base64="a5pXlHOCxE4p1+w+o8ELVhgIGiU="></latexit>x

<latexit sha1_base64="wH3hbt+z0gE460WR7buIo09lP2E="></latexit>y

Semilinear Min-Max Problem
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<latexit sha1_base64="U5nTwVpo84hAzBZoQ75bXF3qdY8="></latexit>

min
x2X

max
y2Y

hy, f(x)i �  (y) + �(x)

<latexit sha1_base64="a5pXlHOCxE4p1+w+o8ELVhgIGiU="></latexit>x

<latexit sha1_base64="wH3hbt+z0gE460WR7buIo09lP2E="></latexit>y

Semilinear Min-Max Problem

<latexit sha1_base64="QS24sy0PTvOVlK44aSCM+F8iefc="></latexit>

hy,Axi ✓
<latexit sha1_base64="0S9NyEt1sT9Wcn477cv55Qp6fx4="></latexit>

✓ g(x,y)

Bilinear Nonbilinear
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<latexit sha1_base64="U5nTwVpo84hAzBZoQ75bXF3qdY8="></latexit>

min
x2X

max
y2Y

hy, f(x)i �  (y) + �(x)

<latexit sha1_base64="a5pXlHOCxE4p1+w+o8ELVhgIGiU="></latexit>x

<latexit sha1_base64="wH3hbt+z0gE460WR7buIo09lP2E="></latexit>y

Semilinear Min-Max Problem
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<latexit sha1_base64="U5nTwVpo84hAzBZoQ75bXF3qdY8="></latexit>

min
x2X

max
y2Y

hy, f(x)i �  (y) + �(x)

What do we hope to achieve?

Semilinear Min-Max Problem
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<latexit sha1_base64="U5nTwVpo84hAzBZoQ75bXF3qdY8="></latexit>

min
x2X

max
y2Y

hy, f(x)i �  (y) + �(x)

What do we hope to achieve?

Semilinear Min-Max Problem

<latexit sha1_base64="1K54CPMwxN6s5jxno0irEJYebfs="></latexit>

f1
...
fn

Functions Lipschitz Smooth
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<latexit sha1_base64="U5nTwVpo84hAzBZoQ75bXF3qdY8="></latexit>

min
x2X

max
y2Y

hy, f(x)i �  (y) + �(x)

What do we hope to achieve?

Semilinear Min-Max Problem

<latexit sha1_base64="1K54CPMwxN6s5jxno0irEJYebfs="></latexit>

f1
...
fn

Functions
<latexit sha1_base64="GgoSZDNs768oW0GXV4TILuhLz6s="></latexit>

G1
...

Gn

Lipschitz Smooth
<latexit sha1_base64="c0/CJDHP4Cjh1gBLdcColHs0fx4="></latexit>

|fi(x)� fi(x
0)|  Gikx� x0kX
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<latexit sha1_base64="U5nTwVpo84hAzBZoQ75bXF3qdY8="></latexit>

min
x2X

max
y2Y

hy, f(x)i �  (y) + �(x)

What do we hope to achieve?

Semilinear Min-Max Problem

<latexit sha1_base64="1K54CPMwxN6s5jxno0irEJYebfs="></latexit>

f1
...
fn

Functions
<latexit sha1_base64="GgoSZDNs768oW0GXV4TILuhLz6s="></latexit>

G1
...

Gn

Lipschitz
<latexit sha1_base64="EGMrZR55vpswtFfOy21Sej7/DyI="></latexit>

L1
...
Ln

Smooth
<latexit sha1_base64="zw4YPYyQvNVxT2wLiqMHbuMZKy8="></latexit>

krfi(x)�rfi(x
0)kX⇤  Likx� x0kX

<latexit sha1_base64="c0/CJDHP4Cjh1gBLdcColHs0fx4="></latexit>

|fi(x)� fi(x
0)|  Gikx� x0kX
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<latexit sha1_base64="U5nTwVpo84hAzBZoQ75bXF3qdY8="></latexit>

min
x2X

max
y2Y

hy, f(x)i �  (y) + �(x)

What do we hope to achieve?

Semilinear Min-Max Problem

<latexit sha1_base64="1K54CPMwxN6s5jxno0irEJYebfs="></latexit>

f1
...
fn

Functions
<latexit sha1_base64="GgoSZDNs768oW0GXV4TILuhLz6s="></latexit>

G1
...

Gn

Lipschitz
<latexit sha1_base64="EGMrZR55vpswtFfOy21Sej7/DyI="></latexit>

L1
...
Ln

Smooth
<latexit sha1_base64="zw4YPYyQvNVxT2wLiqMHbuMZKy8="></latexit>

krfi(x)�rfi(x
0)kX⇤  Likx� x0kX

<latexit sha1_base64="c0/CJDHP4Cjh1gBLdcColHs0fx4="></latexit>

|fi(x)� fi(x
0)|  Gikx� x0kX

1. Can we use arbitrary norms (not only the 
Euclidean) to define ? 

2. Can we achieve the best aggregation of 
constants in the final complexity? 

(Gi, Li)

<latexit sha1_base64="aHVY7WVyJC/VLZtpjoshAUSoC4Q="></latexit>

nGmax �
q

n
Pn

i=1 G
2
i �

Pn
i=1 Gi
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<latexit sha1_base64="U5nTwVpo84hAzBZoQ75bXF3qdY8="></latexit>

min
x2X

max
y2Y

hy, f(x)i �  (y) + �(x)

Global Complexity Guarantee 
(Convex/Concave):

Extragradient (Korpelevich ’76)/ 
Mirror Prox (Nemirovski, ’04) Baseline:

<latexit sha1_base64="Qtsb2jgwr27Hl74rvGabLVFSE38="></latexit>

O

 
nd

p
G2 + L2

✏

!

(Lipschitz/Smoothness constants of 
the vector-valued function ).f

lo
w

er
 is

 b
et

te
r
Semilinear Min-Max Problem

<latexit sha1_base64="ZyqijYdfN0OSeXxbovVrGAuQxrQ="></latexit>

O

 
d
p

(
Pn

i=1 �i) · (
Pn

i=1 Gi +
Pn

i=1 Li)

✏

!

<latexit sha1_base64="fBRR2Ac73QDguJIEe9PRTCsETgg="></latexit>

�i =
q

G2
i + L2

i

Zaid Harchaoui 
University of Washington

Jelena Diakonikolas 
University of Wisconsin-Madison
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<latexit sha1_base64="U5nTwVpo84hAzBZoQ75bXF3qdY8="></latexit>

min
x2X

max
y2Y

hy, f(x)i �  (y) + �(x)

Semilinear Min-Max Problem

Zaid Harchaoui 
University of Washington

Jelena Diakonikolas 
University of Wisconsin-Madison
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<latexit sha1_base64="zqc8mBSrlOwnIZI5s5s7NSSpa4Y=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vjw4rEV+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/PbT6g0j+WDmSToR3QoecgZNVZqNPqlsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVr93kcBTiFM7gAD66hBndQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kDs3+M8A==</latexit>

Q

Data Generating 
Distribution 

Evaluation 
Distribution 

<latexit sha1_base64="zqc8mBSrlOwnIZI5s5s7NSSpa4Y=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vjw4rEV+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/PbT6g0j+WDmSToR3QoecgZNVZqNPqlsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVr93kcBTiFM7gAD66hBndQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kDs3+M8A==</latexit>

Q
<latexit sha1_base64="iHsn3GBPjSLsF9+LYDKfKnaxbRc=">AAAB6HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVJcFNy5bsQ9oB8mkd9rYTGZIMkIZ+gVuXCji1k9y59+YtrPQ1gOBwznnkntPkAiujet+O4W19Y3NreJ2aWd3b/+gfHjU1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8H4ZuZ3nlBpHst7M0nQj+hQ8pAzaqzUbDyUK27VnYOsEi8nFchh81/9QczSCKVhgmrd89zE+BlVhjOB01I/1ZhQNqZD7FkqaYTaz+aLTsmZVQYkjJV90pC5+nsio5HWkyiwyYiakV72ZuJ/Xi814bWfcZmkBiVbfBSmgpiYzK4mA66QGTGxhDLF7a6EjaiizNhuSrYEb/nkVdK+qHq1aq15Wanf5XUU4QRO4Rw8uII63EIDWsAA4Rle4c15dF6cd+djES04+cwx/IHz+QOx+4zv</latexit>

P



27

Setting, data, 
and task all 

change!
<latexit sha1_base64="zqc8mBSrlOwnIZI5s5s7NSSpa4Y=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vjw4rEV+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/PbT6g0j+WDmSToR3QoecgZNVZqNPqlsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVr93kcBTiFM7gAD66hBndQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kDs3+M8A==</latexit>

Q

Data Generating 
Distribution 

Evaluation 
Distribution 

<latexit sha1_base64="zqc8mBSrlOwnIZI5s5s7NSSpa4Y=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vjw4rEV+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/PbT6g0j+WDmSToR3QoecgZNVZqNPqlsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVr93kcBTiFM7gAD66hBndQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kDs3+M8A==</latexit>

Q
<latexit sha1_base64="iHsn3GBPjSLsF9+LYDKfKnaxbRc=">AAAB6HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVJcFNy5bsQ9oB8mkd9rYTGZIMkIZ+gVuXCji1k9y59+YtrPQ1gOBwznnkntPkAiujet+O4W19Y3NreJ2aWd3b/+gfHjU1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8H4ZuZ3nlBpHst7M0nQj+hQ8pAzaqzUbDyUK27VnYOsEi8nFchh81/9QczSCKVhgmrd89zE+BlVhjOB01I/1ZhQNqZD7FkqaYTaz+aLTsmZVQYkjJV90pC5+nsio5HWkyiwyYiakV72ZuJ/Xi814bWfcZmkBiVbfBSmgpiYzK4mA66QGTGxhDLF7a6EjaiizNhuSrYEb/nkVdK+qHq1aq15Wanf5XUU4QRO4Rw8uII63EIDWsAA4Rle4c15dF6cd+djES04+cwx/IHz+QOx+4zv</latexit>

P
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Setting, data, 
and task all 

change!
<latexit sha1_base64="zqc8mBSrlOwnIZI5s5s7NSSpa4Y=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vjw4rEV+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/PbT6g0j+WDmSToR3QoecgZNVZqNPqlsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVr93kcBTiFM7gAD66hBndQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kDs3+M8A==</latexit>

Q

Data Generating 
Distribution 

Evaluation 
Distribution 

Foundation Model

<latexit sha1_base64="zqc8mBSrlOwnIZI5s5s7NSSpa4Y=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vjw4rEV+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/PbT6g0j+WDmSToR3QoecgZNVZqNPqlsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVr93kcBTiFM7gAD66hBndQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kDs3+M8A==</latexit>

Q
<latexit sha1_base64="iHsn3GBPjSLsF9+LYDKfKnaxbRc=">AAAB6HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVJcFNy5bsQ9oB8mkd9rYTGZIMkIZ+gVuXCji1k9y59+YtrPQ1gOBwznnkntPkAiujet+O4W19Y3NreJ2aWd3b/+gfHjU1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8H4ZuZ3nlBpHst7M0nQj+hQ8pAzaqzUbDyUK27VnYOsEi8nFchh81/9QczSCKVhgmrd89zE+BlVhjOB01I/1ZhQNqZD7FkqaYTaz+aLTsmZVQYkjJV90pC5+nsio5HWkyiwyYiakV72ZuJ/Xi814bWfcZmkBiVbfBSmgpiYzK4mA66QGTGxhDLF7a6EjaiizNhuSrYEb/nkVdK+qHq1aq15Wanf5XUU4QRO4Rw8uII63EIDWsAA4Rle4c15dF6cd+djES04+cwx/IHz+QOx+4zv</latexit>

P
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Setting, data, 
and task all 

change!
<latexit sha1_base64="zqc8mBSrlOwnIZI5s5s7NSSpa4Y=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vjw4rEV+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/PbT6g0j+WDmSToR3QoecgZNVZqNPqlsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVr93kcBTiFM7gAD66hBndQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kDs3+M8A==</latexit>

Q

Data Generating 
Distribution 

Evaluation 
Distribution 

PROMPT

Foundation Model

Generalize to unseen 
tasks, without additional 

training data.

<latexit sha1_base64="zqc8mBSrlOwnIZI5s5s7NSSpa4Y=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vjw4rEV+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/PbT6g0j+WDmSToR3QoecgZNVZqNPqlsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVr93kcBTiFM7gAD66hBndQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kDs3+M8A==</latexit>

Q
<latexit sha1_base64="iHsn3GBPjSLsF9+LYDKfKnaxbRc=">AAAB6HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVJcFNy5bsQ9oB8mkd9rYTGZIMkIZ+gVuXCji1k9y59+YtrPQ1gOBwznnkntPkAiujet+O4W19Y3NreJ2aWd3b/+gfHjU1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8H4ZuZ3nlBpHst7M0nQj+hQ8pAzaqzUbDyUK27VnYOsEi8nFchh81/9QczSCKVhgmrd89zE+BlVhjOB01I/1ZhQNqZD7FkqaYTaz+aLTsmZVQYkjJV90pC5+nsio5HWkyiwyYiakV72ZuJ/Xi814bWfcZmkBiVbfBSmgpiYzK4mA66QGTGxhDLF7a6EjaiizNhuSrYEb/nkVdK+qHq1aq15Wanf5XUU4QRO4Rw8uII63EIDWsAA4Rle4c15dF6cd+djES04+cwx/IHz+QOx+4zv</latexit>

P



The Mystery of Foundation Models
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<latexit sha1_base64="Gg1G1cPenKEKS0WKx/KjGA281qQ="></latexit>x

Supervised Learning

0
1
2
3

moon

sun
star

planet



Image Encoder

32

<latexit sha1_base64="Gg1G1cPenKEKS0WKx/KjGA281qQ="></latexit>x

Supervised Learning

Training

0
1
2
3

moon

sun
star

planet

0
1
2
3



Image Encoder

33

<latexit sha1_base64="Gg1G1cPenKEKS0WKx/KjGA281qQ="></latexit>x

Supervised Learning

Training

Task-Specific 
Objective

Label

1
0
1
2
3

moon

sun
star

planet

0
1
2
3



Image Encoder

34

<latexit sha1_base64="Gg1G1cPenKEKS0WKx/KjGA281qQ="></latexit>x

Supervised Learning

Evaluation

0
1
2
3



Image Encoder

35

<latexit sha1_base64="Gg1G1cPenKEKS0WKx/KjGA281qQ="></latexit>x

Supervised Learning

Evaluation

argmax
1

0
1
2
3



36



37

Foundation Modeling Pipeline



Image Encoder

Text Encoder

38

<latexit sha1_base64="Gg1G1cPenKEKS0WKx/KjGA281qQ="></latexit>x

<latexit sha1_base64="UIellb78nldF7oA6cgcDZXonUIY="></latexit>z

Foundation Modeling



Image Encoder

Text Encoder

39

Task-Agnostic 
Learning 
Objective

<latexit sha1_base64="Gg1G1cPenKEKS0WKx/KjGA281qQ="></latexit>x

<latexit sha1_base64="UIellb78nldF7oA6cgcDZXonUIY="></latexit>z

Pre-Training

Foundation Modeling



Image Encoder

40

<latexit sha1_base64="Gg1G1cPenKEKS0WKx/KjGA281qQ="></latexit>x

Evaluation

Foundation Modeling



Image Encoder

41

<latexit sha1_base64="Gg1G1cPenKEKS0WKx/KjGA281qQ="></latexit>x

Evaluation

Foundation Modeling

0
1
2
3



Image Encoder

42

<latexit sha1_base64="Gg1G1cPenKEKS0WKx/KjGA281qQ="></latexit>x

Evaluation

Foundation Modeling

“photo of a sun”

“photo of a star”

“photo of a planet”

“photo of a moon”<latexit sha1_base64="DQ3qVBH7bseAbKwS2xaID3O1Lkc="></latexit>

(zy)y2Y

Idea: Convert labels into 
pseudo-captions (prompts)



Image Encoder

Text Encoder

43

<latexit sha1_base64="Gg1G1cPenKEKS0WKx/KjGA281qQ="></latexit>x

Evaluation

Foundation Modeling

“photo of a sun”

“photo of a star”

“photo of a planet”

“photo of a moon”<latexit sha1_base64="DQ3qVBH7bseAbKwS2xaID3O1Lkc="></latexit>

(zy)y2Y

Idea: Convert labels into 
pseudo-captions (prompts)



Image Encoder

Text Encoder

44

<latexit sha1_base64="Gg1G1cPenKEKS0WKx/KjGA281qQ="></latexit>x

Evaluation

Foundation Modeling

“photo of a sun”

“photo of a star”

“photo of a planet”

“photo of a moon”

Classified label = 
highest inner product. 
(Zero-Shot Prediction)

<latexit sha1_base64="DQ3qVBH7bseAbKwS2xaID3O1Lkc="></latexit>

(zy)y2Y

Idea: Convert labels into 
pseudo-captions (prompts)



Image Encoder

Text Encoder

45

<latexit sha1_base64="Gg1G1cPenKEKS0WKx/KjGA281qQ="></latexit>x

Evaluation

Foundation Modeling

“photo of a sun”

“photo of a star”

“photo of a planet”

“photo of a moon”

<latexit sha1_base64="46slW+y3AJVdreJqF/8uJw4C4M0="></latexit>

(zy
1 )y2Y

<latexit sha1_base64="jaiRnIlFy4ZoQ2nXDvRk3nG3W34="></latexit>

(zy
2 )y2Y

<latexit sha1_base64="xokPtIKzFN12rUqPJTZ4jE2iuYw="></latexit>

(zy
3 )y2Y



Image Encoder

Text Encoder

46

<latexit sha1_base64="Gg1G1cPenKEKS0WKx/KjGA281qQ="></latexit>x

Evaluation

Foundation Modeling

“photo of a sun”

“photo of a star”

“photo of a planet”

“photo of a moon”

“a realistic photo of a moon”

“a drawing of a moon”

<latexit sha1_base64="46slW+y3AJVdreJqF/8uJw4C4M0="></latexit>

(zy
1 )y2Y

<latexit sha1_base64="jaiRnIlFy4ZoQ2nXDvRk3nG3W34="></latexit>

(zy
2 )y2Y

<latexit sha1_base64="xokPtIKzFN12rUqPJTZ4jE2iuYw="></latexit>

(zy
3 )y2Y



Image Encoder

Text Encoder

47

<latexit sha1_base64="Gg1G1cPenKEKS0WKx/KjGA281qQ="></latexit>x

Evaluation

Foundation Modeling

“photo of a sun”

“photo of a star”

“photo of a planet”

“photo of a moon”

“a realistic photo of a moon”

“a drawing of a moon”

<latexit sha1_base64="46slW+y3AJVdreJqF/8uJw4C4M0="></latexit>

(zy
1 )y2Y

<latexit sha1_base64="jaiRnIlFy4ZoQ2nXDvRk3nG3W34="></latexit>

(zy
2 )y2Y

<latexit sha1_base64="xokPtIKzFN12rUqPJTZ4jE2iuYw="></latexit>

(zy
3 )y2Y



Classified label = 
highest average inner 

product.
Image Encoder

Text Encoder

48

<latexit sha1_base64="Gg1G1cPenKEKS0WKx/KjGA281qQ="></latexit>x

Evaluation

Foundation Modeling

“photo of a sun”

“photo of a star”

“photo of a planet”

“photo of a moon”

“a realistic photo of a moon”

“a drawing of a moon”

<latexit sha1_base64="46slW+y3AJVdreJqF/8uJw4C4M0="></latexit>

(zy
1 )y2Y

<latexit sha1_base64="jaiRnIlFy4ZoQ2nXDvRk3nG3W34="></latexit>

(zy
2 )y2Y

<latexit sha1_base64="xokPtIKzFN12rUqPJTZ4jE2iuYw="></latexit>

(zy
3 )y2Y



49

Many empirical studies have confirmed that 
selecting pre-training data is arguably the most 

important part of foundation modeling. 
Specifically, balancing paired data to achieve 

certain marginal constraints is an effective recipe.

Techniques for pre-training, prompting, and 
overall model reuse have advanced significantly in 

applications. Virtually no generalization 
guarantees (from the perspective of statistical 

learning theory) exist for this pipeline. 
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Many empirical studies have confirmed that 
selecting pre-training data is arguably the most 
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applications. Virtually no generalization 
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What is the statistical effect of 
balancing methods on the pre-

training and the resulting 
foundation model?

How do we analyze prompt-
based zero-shot prediction 

as a statistical estimator, 
such as its comparison to 

direct supervision?

Motivating Questions

Foundation Modeling Zero-Shot Prediction

0



Placeholder text.

Research Contributions

52

Exact variance reduction analysis of 
balancing-based mean estimation!

Theoretical framework for obtaining 
generalization guarantees for two broad 
classes of zero-shot prediction models!



Preliminaries

Balanced Pre-Training

Zero-Shot Prediction

Conclusion
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<latexit sha1_base64="w4XBqvem2CNg4QZsaUNZ1FkhlZI="></latexit>

X
<latexit sha1_base64="0+8rcgVf9UZfvfkF0oAppE+RWMo="></latexit>

Z
<latexit sha1_base64="cEXb/RcsIsDj3Pi07DvXAXF4b5c="></latexit>

P ⌘ PX,Z

Sample Space (Images)

Sample Space (Text)

Pre-Training Distribution
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<latexit sha1_base64="w4XBqvem2CNg4QZsaUNZ1FkhlZI="></latexit>

X
<latexit sha1_base64="0+8rcgVf9UZfvfkF0oAppE+RWMo="></latexit>

Z
<latexit sha1_base64="cEXb/RcsIsDj3Pi07DvXAXF4b5c="></latexit>

P ⌘ PX,Z

Sample Space (Images)

Sample Space (Text)

Pre-Training Distribution

<latexit sha1_base64="th5rgo906fLdA9dVm/T6z0L/zVo="></latexit>

L2(PX),L2(PZ) Defined Similarly

<latexit sha1_base64="veQlEbb//H6AJvcb+yGrk7P+BY8="></latexit>

L2(P ) =

⇢
f : kfk2L2(P ) :=

Z

X⇥Z

f2(x, z)dP (x, z) < 1
�
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Conditional Mean 
Projecting onto 

<latexit sha1_base64="+mI8/TLK/MHA4Png/Ehk3zSlQmM="></latexit>

L2(PX),L2(PZ)
<latexit sha1_base64="7PIv7xT1c8trh8P2oae2GXxtujE="></latexit>

f 2 L2(P ) 7!
(
EP [f(X,Z)|Z] (·) 2 L2(PZ)

EP [f(X,Z)|X] (·) 2 L2(PX)

<latexit sha1_base64="w4XBqvem2CNg4QZsaUNZ1FkhlZI="></latexit>

X
<latexit sha1_base64="0+8rcgVf9UZfvfkF0oAppE+RWMo="></latexit>

Z
<latexit sha1_base64="cEXb/RcsIsDj3Pi07DvXAXF4b5c="></latexit>

P ⌘ PX,Z

Sample Space (Images)

Sample Space (Text)

Pre-Training Distribution

<latexit sha1_base64="th5rgo906fLdA9dVm/T6z0L/zVo="></latexit>

L2(PX),L2(PZ) Defined Similarly

<latexit sha1_base64="veQlEbb//H6AJvcb+yGrk7P+BY8="></latexit>

L2(P ) =

⇢
f : kfk2L2(P ) :=

Z

X⇥Z

f2(x, z)dP (x, z) < 1
�
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Conditional Mean 
Projecting onto 

Conditional Centering 
Projecting onto

<latexit sha1_base64="+mI8/TLK/MHA4Png/Ehk3zSlQmM="></latexit>

L2(PX),L2(PZ)

<latexit sha1_base64="bILB4XnPMJ4wno4R9bkm/TWZ92Q="> </latexit>

L2(PX)?,L2(PZ)
?

<latexit sha1_base64="7PIv7xT1c8trh8P2oae2GXxtujE="></latexit>

f 2 L2(P ) 7!
(
EP [f(X,Z)|Z] (·) 2 L2(PZ)

EP [f(X,Z)|X] (·) 2 L2(PX)

<latexit sha1_base64="W8eF4y5ieZowZEZFqbt5s7RO8co="></latexit>

f 2 L2(P ) 7!
(
f � EP [f(X,Z)|Z] (·) 2 L2(P )

f � EP [f(X,Z)|X] (·) 2 L2(P )

<latexit sha1_base64="w4XBqvem2CNg4QZsaUNZ1FkhlZI="></latexit>

X
<latexit sha1_base64="0+8rcgVf9UZfvfkF0oAppE+RWMo="></latexit>

Z
<latexit sha1_base64="cEXb/RcsIsDj3Pi07DvXAXF4b5c="></latexit>

P ⌘ PX,Z

Sample Space (Images)

Sample Space (Text)

Pre-Training Distribution

<latexit sha1_base64="th5rgo906fLdA9dVm/T6z0L/zVo="></latexit>

L2(PX),L2(PZ) Defined Similarly

<latexit sha1_base64="veQlEbb//H6AJvcb+yGrk7P+BY8="></latexit>

L2(P ) =

⇢
f : kfk2L2(P ) :=

Z

X⇥Z

f2(x, z)dP (x, z) < 1
�



<latexit sha1_base64="W8eF4y5ieZowZEZFqbt5s7RO8co="></latexit>

f 2 L2(P ) 7!
(
f � EP [f(X,Z)|Z] (·) 2 L2(P )

f � EP [f(X,Z)|X] (·) 2 L2(P )
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<latexit sha1_base64="Nka6i5nYC4Ygat7kwkmyB577U9A="></latexit>

f

Conditional Mean 
Projecting onto 

Conditional Centering 
Projecting onto

<latexit sha1_base64="+mI8/TLK/MHA4Png/Ehk3zSlQmM="></latexit>

L2(PX),L2(PZ)

<latexit sha1_base64="bILB4XnPMJ4wno4R9bkm/TWZ92Q="> </latexit>

L2(PX)?,L2(PZ)
?

<latexit sha1_base64="7PIv7xT1c8trh8P2oae2GXxtujE="></latexit>

f 2 L2(P ) 7!
(
EP [f(X,Z)|Z] (·) 2 L2(PZ)

EP [f(X,Z)|X] (·) 2 L2(PX)

<latexit sha1_base64="XFVd3wVyXWcdt+uOc4rR1HdaPNk="></latexit>

L2(P )
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Conditional Mean 
Projecting onto 

Conditional Centering 
Projecting onto

<latexit sha1_base64="+mI8/TLK/MHA4Png/Ehk3zSlQmM="></latexit>

L2(PX),L2(PZ)

<latexit sha1_base64="bILB4XnPMJ4wno4R9bkm/TWZ92Q="> </latexit>

L2(PX)?,L2(PZ)
?

<latexit sha1_base64="7PIv7xT1c8trh8P2oae2GXxtujE="></latexit>

f 2 L2(P ) 7!
(
EP [f(X,Z)|Z] (·) 2 L2(PZ)

EP [f(X,Z)|X] (·) 2 L2(PX)

<latexit sha1_base64="W8eF4y5ieZowZEZFqbt5s7RO8co="></latexit>

f 2 L2(P ) 7!
(
f � EP [f(X,Z)|Z] (·) 2 L2(P )

f � EP [f(X,Z)|X] (·) 2 L2(P )

<latexit sha1_base64="XFVd3wVyXWcdt+uOc4rR1HdaPNk="></latexit>

L2(P )

<latexit sha1_base64="Nka6i5nYC4Ygat7kwkmyB577U9A="></latexit>

f
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Conditional Mean Operator: Singular Value Decomposition

<latexit sha1_base64="H1uQQqSXeNlXTJOUfvNUyvAMauo="></latexit>

µX�Z : L2(P ) ! L2(PX)
<latexit sha1_base64="vgOWtydvH3v+MuExGdGlCWXWrbg="></latexit>

[µX�Zf ](x) = EP [f(X,Z)|X] (x)



<latexit sha1_base64="Db98FTLejPO0YUOvicwY9laS2JY="></latexit>

µX�Z : L2(PZ) ! L2(PX)

61

Conditional Mean Operator: Singular Value Decomposition

<latexit sha1_base64="H7bBOlmwlGURh9QTFY8Rbg4EKbY="></latexit>

[µX�Zg](x) = EP [g(Z)|X] (x)



<latexit sha1_base64="Db98FTLejPO0YUOvicwY9laS2JY="></latexit>

µX�Z : L2(PZ) ! L2(PX)
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Conditional Mean Operator: Singular Value Decomposition

<latexit sha1_base64="H7bBOlmwlGURh9QTFY8Rbg4EKbY="></latexit>

[µX�Zg](x) = EP [g(Z)|X] (x)

<latexit sha1_base64="jIFXbH2asTnXyRGle950JN9saqw="></latexit>

hh, µX�ZgiL2(PX) = EPX [h(X)EP [g(Z)|X]] = EP [h(X)g(Z)] = EPZ [EP [h(X)|Z] g(Z)] = hµZ�Xh, giL2(PZ)



<latexit sha1_base64="Db98FTLejPO0YUOvicwY9laS2JY="></latexit>

µX�Z : L2(PZ) ! L2(PX)

63

Conditional Mean Operator: Singular Value Decomposition

<latexit sha1_base64="H7bBOlmwlGURh9QTFY8Rbg4EKbY="></latexit>

[µX�Zg](x) = EP [g(Z)|X] (x)

<latexit sha1_base64="jIFXbH2asTnXyRGle950JN9saqw="></latexit>

hh, µX�ZgiL2(PX) = EPX [h(X)EP [g(Z)|X]] = EP [h(X)g(Z)] = EPZ [EP [h(X)|Z] g(Z)] = hµZ�Xh, giL2(PZ)

The conditional mean of  given  and vice versa are adjoint!Z X



<latexit sha1_base64="Db98FTLejPO0YUOvicwY9laS2JY="></latexit>

µX�Z : L2(PZ) ! L2(PX)

64

Conditional Mean Operator: Singular Value Decomposition

<latexit sha1_base64="H7bBOlmwlGURh9QTFY8Rbg4EKbY="></latexit>

[µX�Zg](x) = EP [g(Z)|X] (x)

<latexit sha1_base64="jIFXbH2asTnXyRGle950JN9saqw="></latexit>

hh, µX�ZgiL2(PX) = EPX [h(X)EP [g(Z)|X]] = EP [h(X)g(Z)] = EPZ [EP [h(X)|Z] g(Z)] = hµZ�Xh, giL2(PZ)

The conditional mean of  given  and vice versa are adjoint!Z X

Basis of              :Basis of              : <latexit sha1_base64="+3cMxpZnRODmhpAsUxc9troTvIU="></latexit>↵1,↵2, . . .
<latexit sha1_base64="wORgxsaDTy5jn2SIuzvrlpEsusk="></latexit>

�1,�2, . . .
<latexit sha1_base64="ufZxIIdFZ/pjmA+fIFMUpNwmxIY="></latexit>

L2(PX)
<latexit sha1_base64="EJ+/qyo28RbQd5OrFMbmCASoSRE="></latexit>

L2(PZ)
<latexit sha1_base64="OfGDIDN5QnK7RHBFjVpFMvfdBBg="></latexit>

µZ�X↵i = si�i
<latexit sha1_base64="7RWsvM7iDdYkl2R/6I2KiZiEFX0="></latexit>

µX�Z�i = si↵i
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Conditional Mean Operator: Singular Value Decomposition

The conditional mean of  given  and vice versa are adjoint!Z X

<latexit sha1_base64="WIHgybi78KS9HET0fxDE/3BNsfQ="></latexit>

µX�Z =

2

4
| |
↵1 ↵2 · · ·
| |

3

5

2

64
s1

s2
. . .

3

75

2

64
� �1 �
� �2 �

...

3

75

<latexit sha1_base64="ih9EGcDgvsqWOiGDdN1benEnQ2Q="></latexit>

µZ�X =

2

4
| |
�1 �2 · · ·
| |

3

5

2

64
s1

s2
. . .

3

75

2

64
� ↵1 �
� ↵2 �

...

3

75

Basis of              :Basis of              : <latexit sha1_base64="+3cMxpZnRODmhpAsUxc9troTvIU="></latexit>↵1,↵2, . . .
<latexit sha1_base64="wORgxsaDTy5jn2SIuzvrlpEsusk="></latexit>

�1,�2, . . .
<latexit sha1_base64="ufZxIIdFZ/pjmA+fIFMUpNwmxIY="></latexit>

L2(PX)
<latexit sha1_base64="EJ+/qyo28RbQd5OrFMbmCASoSRE="></latexit>

L2(PZ)
<latexit sha1_base64="OfGDIDN5QnK7RHBFjVpFMvfdBBg="></latexit>

µZ�X↵i = si�i
<latexit sha1_base64="7RWsvM7iDdYkl2R/6I2KiZiEFX0="></latexit>

µX�Z�i = si↵i
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Conditional Mean Operator: Singular Value Decomposition

Basis of              :Basis of              : <latexit sha1_base64="+3cMxpZnRODmhpAsUxc9troTvIU="></latexit>↵1,↵2, . . .
<latexit sha1_base64="wORgxsaDTy5jn2SIuzvrlpEsusk="></latexit>

�1,�2, . . .
<latexit sha1_base64="ufZxIIdFZ/pjmA+fIFMUpNwmxIY="></latexit>

L2(PX)
<latexit sha1_base64="EJ+/qyo28RbQd5OrFMbmCASoSRE="></latexit>

L2(PZ)
<latexit sha1_base64="OfGDIDN5QnK7RHBFjVpFMvfdBBg="></latexit>

µZ�X↵i = si�i
<latexit sha1_base64="7RWsvM7iDdYkl2R/6I2KiZiEFX0="></latexit>

µX�Z�i = si↵i

<latexit sha1_base64="zVWCa7ayVmyQrJU4GrmFYwOs8cA="></latexit>s1 s2 s3 s4 s5
<latexit sha1_base64="zVWCa7ayVmyQrJU4GrmFYwOs8cA="></latexit>s1 s2 s3 s4 s5

<latexit sha1_base64="zVWCa7ayVmyQrJU4GrmFYwOs8cA="></latexit>s1 s2 s3 s4 s5

Independent Highly Dependent

0

1

Weakly Dependent



67

Conditional Mean Operator: Singular Value Decomposition

Basis of              :Basis of              : <latexit sha1_base64="+3cMxpZnRODmhpAsUxc9troTvIU="></latexit>↵1,↵2, . . .
<latexit sha1_base64="wORgxsaDTy5jn2SIuzvrlpEsusk="></latexit>

�1,�2, . . .
<latexit sha1_base64="ufZxIIdFZ/pjmA+fIFMUpNwmxIY="></latexit>

L2(PX)
<latexit sha1_base64="EJ+/qyo28RbQd5OrFMbmCASoSRE="></latexit>

L2(PZ)
<latexit sha1_base64="OfGDIDN5QnK7RHBFjVpFMvfdBBg="></latexit>

µZ�X↵i = si�i
<latexit sha1_base64="7RWsvM7iDdYkl2R/6I2KiZiEFX0="></latexit>

µX�Z�i = si↵i

<latexit sha1_base64="zVWCa7ayVmyQrJU4GrmFYwOs8cA="></latexit>s1 s2 s3 s4 s5
<latexit sha1_base64="zVWCa7ayVmyQrJU4GrmFYwOs8cA="></latexit>s1 s2 s3 s4 s5

<latexit sha1_base64="zVWCa7ayVmyQrJU4GrmFYwOs8cA="></latexit>s1 s2 s3 s4 s5

Independent Highly Dependent

0

1

Weakly Dependent

Mean Square 
Contingency

<latexit sha1_base64="xGm39Ocw512hiHm84ZpjmmGsGPM="></latexit>

I(X,Z) =
1X

i=2

s2i



68

Conditional Mean  Information Density⟺

<latexit sha1_base64="Z2qrCZwUT99nncZA44hW3t/P2Tk="></latexit>

R(x, z) :=
dPX,Z

dPXPZ
(x, z) =

dPZ|X=x

dPZ
(z)
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Conditional Mean  Information Density⟺

<latexit sha1_base64="zbU0WO64g5PdUL9YShFdsIWmydU="></latexit>

[µX�Zg](x) = EPX,Z [g(Z)|X] (x) = EPZ [g(Z)R(x, Z)]

<latexit sha1_base64="Z2qrCZwUT99nncZA44hW3t/P2Tk="></latexit>

R(x, z) :=
dPX,Z

dPXPZ
(x, z) =

dPZ|X=x

dPZ
(z)

1
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Conditional Mean  Information Density⟺

<latexit sha1_base64="zbU0WO64g5PdUL9YShFdsIWmydU="></latexit>

[µX�Zg](x) = EPX,Z [g(Z)|X] (x) = EPZ [g(Z)R(x, Z)]

<latexit sha1_base64="Z2qrCZwUT99nncZA44hW3t/P2Tk="></latexit>

R(x, z) :=
dPX,Z

dPXPZ
(x, z) =

dPZ|X=x

dPZ
(z)

1
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Conditional Mean  Information Density⟺

<latexit sha1_base64="zbU0WO64g5PdUL9YShFdsIWmydU="></latexit>

[µX�Zg](x) = EPX,Z [g(Z)|X] (x) = EPZ [g(Z)R(x, Z)]

<latexit sha1_base64="Z2qrCZwUT99nncZA44hW3t/P2Tk="></latexit>

R(x, z) :=
dPX,Z

dPXPZ
(x, z) =

dPZ|X=x

dPZ
(z)

1
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Conditional Mean  Information Density⟺

<latexit sha1_base64="zbU0WO64g5PdUL9YShFdsIWmydU="></latexit>

[µX�Zg](x) = EPX,Z [g(Z)|X] (x) = EPZ [g(Z)R(x, Z)]

<latexit sha1_base64="Z2qrCZwUT99nncZA44hW3t/P2Tk="></latexit>

R(x, z) :=
dPX,Z

dPXPZ
(x, z) =

dPZ|X=x

dPZ
(z)

1

2
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Conditional Mean  Information Density⟺

<latexit sha1_base64="zbU0WO64g5PdUL9YShFdsIWmydU="></latexit>

[µX�Zg](x) = EPX,Z [g(Z)|X] (x) = EPZ [g(Z)R(x, Z)]

<latexit sha1_base64="Z2qrCZwUT99nncZA44hW3t/P2Tk="></latexit>

R(x, z) :=
dPX,Z

dPXPZ
(x, z) =

dPZ|X=x

dPZ
(z)

1

2
<latexit sha1_base64="QUeh47adY79114z+OQK4LBkw3XI="></latexit>

I(X,Z) = EPX,Z

⇥
(R(X,Z)� 1)2

⇤
=

P1
i=2 s

2
i
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Conditional Mean  Information Density⟺

<latexit sha1_base64="zbU0WO64g5PdUL9YShFdsIWmydU="></latexit>

[µX�Zg](x) = EPX,Z [g(Z)|X] (x) = EPZ [g(Z)R(x, Z)]

<latexit sha1_base64="Z2qrCZwUT99nncZA44hW3t/P2Tk="></latexit>

R(x, z) :=
dPX,Z

dPXPZ
(x, z) =

dPZ|X=x

dPZ
(z)

1

2
<latexit sha1_base64="QUeh47adY79114z+OQK4LBkw3XI="></latexit>

I(X,Z) = EPX,Z

⇥
(R(X,Z)� 1)2

⇤
=

P1
i=2 s

2
i



Image Encoder

Text Encoder

75

Task-Agnostic 
Learning 
Objective

<latexit sha1_base64="Gg1G1cPenKEKS0WKx/KjGA281qQ="></latexit>x

<latexit sha1_base64="UIellb78nldF7oA6cgcDZXonUIY="></latexit>z

Pre-Training

Foundation Modeling



Image Encoder

Text Encoder

76

<latexit sha1_base64="Gg1G1cPenKEKS0WKx/KjGA281qQ="></latexit>x

Evaluation

Foundation Modeling

“photo of a sun”

“photo of a star”

“photo of a planet”

“photo of a moon”

Classified label = 
highest inner product. 
(Zero-Shot Prediction)

<latexit sha1_base64="DQ3qVBH7bseAbKwS2xaID3O1Lkc="></latexit>

(zy)y2Y

Idea: Convert labels into 
pseudo-captions (prompts)



Preliminaries

Balanced Pre-Training

Zero-Shot Prediction

Conclusion
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What is the statistical effect of 
balancing methods on the pre-

training and the resulting 
foundation model?

How do we analyze prompt-
based zero-shot prediction 

as a statistical estimator, 
such as its comparison to 

direct supervision?

Motivating Questions

Foundation Modeling Zero-Shot Prediction

0
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Pre-Training Data Curation: Balancing Keyword Distributions

O(100M) 
Image-Caption 

Pairs
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Pre-Training Data Curation: Balancing Keyword Distributions
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Pre-Training Data Curation: Balancing Keyword Distributions
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Pre-Training Data Curation: Balancing Keyword Distributions
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Image-Caption 
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Pre-Training Data Curation: Balancing Keyword Distributions

Histogram of Entries in Pre-Training Set

Entries (Sorted by Frequency) Entries (Sorted by Frequency)

Original Rebalanced
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Pre-Training Data Curation: Balancing Keyword Distributions

Histogram of Entries in Pre-Training Set

Entries (Sorted by Frequency) Entries (Sorted by Frequency)

Original Rebalanced

87M

“the”



Pre-Training Data Curation: Balancing Keyword Distributions

Zero-Shot Accuracy of Models with Different Pre-Training Data

Evaluated on CIFAR-100 Evaluated on STL-10

Training Iterations Training Iterations

Original

Rebalanced
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Pre-Training Data Curation: Balancing Keyword Distributions

How should we interpret this empirically 
effective procedure statistically?
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How do we perform balancing in practice? 
(Sinkhorn Iterations, Iterative Proportional Fitting, Raking Ratio Estimation)
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How do we perform balancing in practice? 
(Sinkhorn Iterations, Iterative Proportional Fitting, Raking Ratio Estimation)

Odd Iterations Even Iterations
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How do we perform balancing in practice? 
(Sinkhorn Iterations, Iterative Proportional Fitting, Raking Ratio Estimation)

Odd Iterations Even Iterations
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How do we perform balancing in practice? 
(Sinkhorn Iterations, Iterative Proportional Fitting, Raking Ratio Estimation)

Odd Iterations Even Iterations
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Empirical Risk Minimization with Balancing
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Empirical Risk Minimization with Balancing
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We measure the benefit of balancing via variance/MSE 
reduction for estimating the expectation of a fixed test function.

Empirical Risk Minimization with Balancing
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✓
k
6

n3/2

◆



104

 timeskTheorem (Liu, M., Pal, Harchaoui) 
<latexit sha1_base64="FJ8ewDgEiCNH8a/XM8EG/5K5VoI="></latexit>

EP

⇥
(P (k)

n (h)� P (h))2
⇤
=

Var(. . . µ?
Z�Xµ

?
X�Zh)

n
+ Õ
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✓
k
6

n3/2

◆

 timesk



=0

114

 timeskTheorem (Liu, M., Pal, Harchaoui) 

<latexit sha1_base64="GT8SJ+CxOABjuDTEUUDltxTB/Ew="></latexit>

[P (k)
n � P ](h) = [P (k)

n � P ](µ?
X�Zh) + [P (k)

n � P ](µX�Zh)

= [P (k�1)
n � P ](µ?

X�Zh) + [P (k)
n � P (k�1)

n ](µ?
X�Zh)

= [P (0)
n � P ](. . . µ?

Z�Xµ
?
X�Zh) +

Pk
`=1[P

(`)
n � P (`�1)

n ](. . . µ?
Z�Xµ

?
X�Zh)

<latexit sha1_base64="FJ8ewDgEiCNH8a/XM8EG/5K5VoI="></latexit>

EP

⇥
(P (k)

n (h)� P (h))2
⇤
=

Var(. . . µ?
Z�Xµ

?
X�Zh)

n
+ Õ
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n � P ](. . . µ?

Z�Xµ
?
X�Zh) +

Pk
`=1[P

(`)
n � P (`�1)

n ](. . . µ?
Z�Xµ

?
X�Zh)

<latexit sha1_base64="FJ8ewDgEiCNH8a/XM8EG/5K5VoI="></latexit>

EP

⇥
(P (k)

n (h)� P (h))2
⇤
=

Var(. . . µ?
Z�Xµ

?
X�Zh)

n
+ Õ

✓
k
6

n3/2

◆

<latexit sha1_base64="BycMgHjovI70OdLUI7V6SnVtbd0="></latexit>

µ?
X�Z = I � µX�Z

µ?
Z�Xµ

?
X�Z = I � µX�Z � µZ�X + µZ�XµX�Z

µ?
X�Zµ

?
Z�Xµ

?
X�Z = I � µX�Z � µZ�X + µZ�XµX�Z + µX�ZµZ�X � µX�ZµZ�XµX�Z

<latexit sha1_base64="i7voYCbm9tyx/xmxNyvsoKMjF+8="></latexit>

h

Old Friend: Singular Value Decomposition
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<latexit sha1_base64="Xev9POoyNcXp9e8um7ZpNGK1gkg="></latexit>

ui = h↵i, µX�Zhi
<latexit sha1_base64="qH7YtSiymjqePn3NSrTP0OFQ9Qs="></latexit>

vi = h�i, µZ�Xhi
<latexit sha1_base64="FYhu1nlQQQxau+l8YtPUpHdswW0="></latexit>

Var(h)� Var(. . . µ?
Z�Xµ

?
X�Zh) =

X

i=2,3,...

u2
i + v2i � 2siuivi

1� s2i



130

<latexit sha1_base64="Xev9POoyNcXp9e8um7ZpNGK1gkg="></latexit>

ui = h↵i, µX�Zhi
<latexit sha1_base64="qH7YtSiymjqePn3NSrTP0OFQ9Qs="></latexit>

vi = h�i, µZ�Xhi
<latexit sha1_base64="FYhu1nlQQQxau+l8YtPUpHdswW0="></latexit>

Var(h)� Var(. . . µ?
Z�Xµ

?
X�Zh) =

X

i=2,3,...

u2
i + v2i � 2siuivi

1� s2i

<latexit sha1_base64="zVWCa7ayVmyQrJU4GrmFYwOs8cA="></latexit>s1 s2 s3 s4 s5
<latexit sha1_base64="zVWCa7ayVmyQrJU4GrmFYwOs8cA="></latexit>s1 s2 s3 s4 s5

<latexit sha1_base64="zVWCa7ayVmyQrJU4GrmFYwOs8cA="></latexit>s1 s2 s3 s4 s5

Independent Highly Dependent

0

1

Weakly Dependent

larger gap (generally)



Placeholder text.

Research Contributions
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Exact variance reduction analysis of 
balancing-based mean estimation!

Theoretical framework for obtaining 
generalization guarantees for two broad 
classes of zero-shot prediction models!

✅



Preliminaries

Balanced Pre-Training

Zero-Shot Prediction

Conclusion



Zaid Harchaoui 
University of 
Washington

ICML 2025 Spotlight (Top 
2.6% of Submissions)
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What is the statistical effect of 
balancing methods on the pre-

training and the resulting 
foundation model?

How do we analyze prompt-
based zero-shot prediction 

as a statistical estimator, 
such as its comparison to 

direct supervision?

Motivating Questions

Foundation Modeling Zero-Shot Prediction

0
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Image Encoder

Text Encoder

<latexit sha1_base64="Gg1G1cPenKEKS0WKx/KjGA281qQ="></latexit>x

“photo of a sun”

“photo of a star”

“photo of a planet”

“photo of a moon”

<latexit sha1_base64="46slW+y3AJVdreJqF/8uJw4C4M0="></latexit>

(zy
1 )y2Y

<latexit sha1_base64="jaiRnIlFy4ZoQ2nXDvRk3nG3W34="></latexit>

(zy
2 )y2Y

<latexit sha1_base64="xokPtIKzFN12rUqPJTZ4jE2iuYw="></latexit>

(zy
3 )y2Y
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<latexit sha1_base64="Gg1G1cPenKEKS0WKx/KjGA281qQ="></latexit>x

“photo of a sun”

“photo of a star”

“photo of a planet”

“photo of a moon”

<latexit sha1_base64="46slW+y3AJVdreJqF/8uJw4C4M0="></latexit>

(zy
1 )y2Y

<latexit sha1_base64="jaiRnIlFy4ZoQ2nXDvRk3nG3W34="></latexit>

(zy
2 )y2Y

<latexit sha1_base64="xokPtIKzFN12rUqPJTZ4jE2iuYw="></latexit>

(zy
3 )y2Y

<latexit sha1_base64="FoTgwK/ACPhk/wIm8220Bt494I0="></latexit>↵

<latexit sha1_base64="nTAUPCmkO9Vlcuhoggbvb721FW4="></latexit>

�
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Zero-Shot Prediction: Compatibility of Three Distributions

How should we interpret this procedure from 
the perspective of statistical learning theory?
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Zero-Shot Prediction: Compatibility of Three Distributions

How should we interpret this procedure from 
the perspective of statistical learning theory?

Step 1: Define the downstream task we wish to 
solve (no different from supervised learning). 

Step 2: Define the population version of the zero-
shot prediction procedure and justify it. 

Step 3: Provide two estimation frameworks and 
generic error decompositions that can be used to 
prove generalization risk bounds. 
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Zero-Shot Prediction: Compatibility of Three Distributions

<latexit sha1_base64="IX3l2jC4H6nKu+khwoaMudjPEeI="></latexit>

PX,Z

Pre-Training
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Zero-Shot Prediction: Compatibility of Three Distributions

<latexit sha1_base64="XHEiUIIDdsIh9Z8qJX1XOwB3TgA="></latexit>

QX,Y

<latexit sha1_base64="IX3l2jC4H6nKu+khwoaMudjPEeI="></latexit>

PX,Z

Pre-Training

Evaluation
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Zero-Shot Prediction: Compatibility of Three Distributions

<latexit sha1_base64="XHEiUIIDdsIh9Z8qJX1XOwB3TgA="></latexit>

QX,Y

<latexit sha1_base64="IX3l2jC4H6nKu+khwoaMudjPEeI="></latexit>

PX,Z

Pre-Training

Evaluation
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Zero-Shot Prediction: Compatibility of Three Distributions

<latexit sha1_base64="XHEiUIIDdsIh9Z8qJX1XOwB3TgA="></latexit>

QX,Y

<latexit sha1_base64="IX3l2jC4H6nKu+khwoaMudjPEeI="></latexit>

PX,Z

Pre-Training

Evaluation

<latexit sha1_base64="cAKrlYAbViBANlKZ7CTrUsquL4M="></latexit>

min
⌘:X!R

EQX,Y

⇥
(Y � ⌘(X))2

⇤
Task: Least-Squares Regression
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Zero-Shot Prediction: Compatibility of Three Distributions

<latexit sha1_base64="XHEiUIIDdsIh9Z8qJX1XOwB3TgA="></latexit>

QX,Y

<latexit sha1_base64="IX3l2jC4H6nKu+khwoaMudjPEeI="></latexit>

PX,Z

Pre-Training

Evaluation

<latexit sha1_base64="NLxxp1pSwqjlaHb47u1ly4ACddg="></latexit>

⌘?(x) = EQX,Y [Y |X] (x)
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Zero-Shot Prediction: Compatibility of Three Distributions

<latexit sha1_base64="XHEiUIIDdsIh9Z8qJX1XOwB3TgA="></latexit>

QX,Y

<latexit sha1_base64="IX3l2jC4H6nKu+khwoaMudjPEeI="></latexit>

PX,Z

Pre-Training

Evaluation

<latexit sha1_base64="NLxxp1pSwqjlaHb47u1ly4ACddg="></latexit>

⌘?(x) = EQX,Y [Y |X] (x)
<latexit sha1_base64="qIOd7Q5xuTG7/X5U638nVS0Jo8g="></latexit>

⌘ZS(x) = EPX,Z

⇥
ERY,Z [Y |Z] |X

⇤
(x)



145

Zero-Shot Prediction: Compatibility of Three Distributions

<latexit sha1_base64="XHEiUIIDdsIh9Z8qJX1XOwB3TgA="></latexit>

QX,Y

<latexit sha1_base64="IX3l2jC4H6nKu+khwoaMudjPEeI="></latexit>

PX,Z

<latexit sha1_base64="JBP3dl1kqT808YxfPOpXF9igChw="></latexit>

RY,Z

Pre-Training

Evaluation Prompting

<latexit sha1_base64="NLxxp1pSwqjlaHb47u1ly4ACddg="></latexit>

⌘?(x) = EQX,Y [Y |X] (x)
<latexit sha1_base64="qIOd7Q5xuTG7/X5U638nVS0Jo8g="></latexit>

⌘ZS(x) = EPX,Z

⇥
ERY,Z [Y |Z] |X

⇤
(x)
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Zero-Shot Prediction: Compatibility of Three Distributions

<latexit sha1_base64="XHEiUIIDdsIh9Z8qJX1XOwB3TgA="></latexit>

QX,Y

<latexit sha1_base64="IX3l2jC4H6nKu+khwoaMudjPEeI="></latexit>

PX,Z

<latexit sha1_base64="JBP3dl1kqT808YxfPOpXF9igChw="></latexit>

RY,Z

Pre-Training

Evaluation Prompting

<latexit sha1_base64="NLxxp1pSwqjlaHb47u1ly4ACddg="></latexit>

⌘?(x) = EQX,Y [Y |X] (x)
<latexit sha1_base64="qIOd7Q5xuTG7/X5U638nVS0Jo8g="></latexit>

⌘ZS(x) = EPX,Z

⇥
ERY,Z [Y |Z] |X

⇤
(x)
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Zero-Shot Prediction: Compatibility of Three Distributions

<latexit sha1_base64="XHEiUIIDdsIh9Z8qJX1XOwB3TgA="></latexit>

QX,Y

<latexit sha1_base64="IX3l2jC4H6nKu+khwoaMudjPEeI="></latexit>

PX,Z

<latexit sha1_base64="JBP3dl1kqT808YxfPOpXF9igChw="></latexit>

RY,Z

Pre-Training

Evaluation Prompting

<latexit sha1_base64="NLxxp1pSwqjlaHb47u1ly4ACddg="></latexit>

⌘?(x) = EQX,Y [Y |X] (x)
<latexit sha1_base64="qIOd7Q5xuTG7/X5U638nVS0Jo8g="></latexit>

⌘ZS(x) = EPX,Z

⇥
ERY,Z [Y |Z] |X

⇤
(x)
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Zero-Shot Prediction: Compatibility of Three Distributions

<latexit sha1_base64="XHEiUIIDdsIh9Z8qJX1XOwB3TgA="></latexit>

QX,Y

<latexit sha1_base64="IX3l2jC4H6nKu+khwoaMudjPEeI="></latexit>

PX,Z

<latexit sha1_base64="JBP3dl1kqT808YxfPOpXF9igChw="></latexit>

RY,Z

Pre-Training

Evaluation Prompting

<latexit sha1_base64="NLxxp1pSwqjlaHb47u1ly4ACddg="></latexit>

⌘?(x) = EQX,Y [Y |X] (x)
<latexit sha1_base64="qIOd7Q5xuTG7/X5U638nVS0Jo8g="></latexit>

⌘ZS(x) = EPX,Z

⇥
ERY,Z [Y |Z] |X

⇤
(x)
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Zero-Shot Prediction: Compatibility of Three Distributions

<latexit sha1_base64="XHEiUIIDdsIh9Z8qJX1XOwB3TgA="></latexit>

QX,Y

<latexit sha1_base64="IX3l2jC4H6nKu+khwoaMudjPEeI="></latexit>

PX,Z

<latexit sha1_base64="JBP3dl1kqT808YxfPOpXF9igChw="></latexit>

RY,Z

Pre-Training

Evaluation Prompting

<latexit sha1_base64="NLxxp1pSwqjlaHb47u1ly4ACddg="></latexit>

⌘?(x) = EQX,Y [Y |X] (x)
<latexit sha1_base64="qIOd7Q5xuTG7/X5U638nVS0Jo8g="></latexit>

⌘ZS(x) = EPX,Z

⇥
ERY,Z [Y |Z] |X

⇤
(x)
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Zero-Shot Prediction: Compatibility of Three Distributions

<latexit sha1_base64="XHEiUIIDdsIh9Z8qJX1XOwB3TgA="></latexit>

QX,Y

<latexit sha1_base64="IX3l2jC4H6nKu+khwoaMudjPEeI="></latexit>

PX,Z

<latexit sha1_base64="JBP3dl1kqT808YxfPOpXF9igChw="></latexit>

RY,Z

Pre-Training

Evaluation Prompting

<latexit sha1_base64="NLxxp1pSwqjlaHb47u1ly4ACddg="></latexit>

⌘?(x) = EQX,Y [Y |X] (x)
<latexit sha1_base64="qIOd7Q5xuTG7/X5U638nVS0Jo8g="></latexit>

⌘ZS(x) = EPX,Z

⇥
ERY,Z [Y |Z] |X

⇤
(x)



151

Zero-Shot Prediction: Compatibility of Three Distributions

<latexit sha1_base64="XHEiUIIDdsIh9Z8qJX1XOwB3TgA="></latexit>

QX,Y

<latexit sha1_base64="IX3l2jC4H6nKu+khwoaMudjPEeI="></latexit>

PX,Z

<latexit sha1_base64="JBP3dl1kqT808YxfPOpXF9igChw="></latexit>

RY,Z

Pre-Training

Evaluation Prompting

<latexit sha1_base64="NLxxp1pSwqjlaHb47u1ly4ACddg="></latexit>

⌘?(x) = EQX,Y [Y |X] (x)
<latexit sha1_base64="PvOBpSbKdi7KUR6eJ9oXdFVsO20="></latexit>

⌘ZS(x) = EPX,Z

⇥
ERY,Z [Y |Z]|X

⇤
(x)

<latexit sha1_base64="6RiiUjXaBw3N0cc/zyv6AaKBiH4="></latexit>

⌘ZS(x) = EPX,Z [gR(Z)|X] (x)
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Conditional Mean Information Density
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Conditional Mean Information Density

<latexit sha1_base64="Z2qrCZwUT99nncZA44hW3t/P2Tk="></latexit>

R(x, z) :=
dPX,Z

dPXPZ
(x, z) =

dPZ|X=x

dPZ
(z)



154

Conditional Mean Information Density

<latexit sha1_base64="PzlaByFsnRn5J/bQjW4nJyDYyBk="></latexit>

⌘ZS(x) = ERY,Z [Y ·R(x, Z)] + err(PZ , RZ)
<latexit sha1_base64="pSYLc/GseP2MWuiyuJVx00fFe8c="></latexit>

⌘ZS(x) = [µX�ZgR](x)
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Conditional Mean Information Density

<latexit sha1_base64="PzlaByFsnRn5J/bQjW4nJyDYyBk="></latexit>

⌘ZS(x) = ERY,Z [Y ·R(x, Z)] + err(PZ , RZ)
<latexit sha1_base64="pSYLc/GseP2MWuiyuJVx00fFe8c="></latexit>

⌘ZS(x) = [µX�ZgR](x)

<latexit sha1_base64="LmhHjVU3xEc7Y1aMOgueN33NwZA="></latexit>

⌘̂ZS(x) = [µ̂X�Z ĝR](x)

Conditional Mean Approach

<latexit sha1_base64="kWlRCc63c4WWfJU7MLBkg2zmohY="></latexit>

(X1, Z1), . . . , (Xn, Zn) ⇠ PX,Z

Estimate            (operator regression)

1

2

<latexit sha1_base64="2TegLRoTRwWn2/VWjtAhuVcffmI="></latexit>µX�Z

<latexit sha1_base64="YacPvZdphm3z+oXCA9iv53JnAhg="></latexit>

(Y1, Z1), . . . , (YM , ZM ) ⇠ RY,Z

Estimate        (nonparametric regression)<latexit sha1_base64="3XI66Li/97OqiWFFzeN1eZANgxc="></latexit>gR
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Conditional Mean Information Density

<latexit sha1_base64="PzlaByFsnRn5J/bQjW4nJyDYyBk="></latexit>

⌘ZS(x) = ERY,Z [Y ·R(x, Z)] + err(PZ , RZ)
<latexit sha1_base64="pSYLc/GseP2MWuiyuJVx00fFe8c="></latexit>

⌘ZS(x) = [µX�ZgR](x)

<latexit sha1_base64="LmhHjVU3xEc7Y1aMOgueN33NwZA="></latexit>

⌘̂ZS(x) = [µ̂X�Z ĝR](x)
<latexit sha1_base64="2fbF8Iso79gH0WdUXytPfdW1ByE="></latexit>

⌘̂ZS(x) = ER̂Y,Z
[Y · bR(x, Z)]

Conditional Mean Approach Information Density Approach

<latexit sha1_base64="kWlRCc63c4WWfJU7MLBkg2zmohY="></latexit>

(X1, Z1), . . . , (Xn, Zn) ⇠ PX,Z

Estimate            (operator regression)

1

2

1

2

<latexit sha1_base64="kWlRCc63c4WWfJU7MLBkg2zmohY="></latexit>

(X1, Z1), . . . , (Xn, Zn) ⇠ PX,Z
<latexit sha1_base64="i+L/voQ6MdILwIkJAg7HwFOjlww="></latexit>

(X 0
1, Z

0
1), . . . , (X

0
n, Z

0
n) ⇠ PXPZ

Estimate      (RND estimation)

<latexit sha1_base64="2TegLRoTRwWn2/VWjtAhuVcffmI="></latexit>µX�Z
<latexit sha1_base64="d7+ZVkjr4AjT+X21lEyiTLNyEzQ="></latexit>

R
<latexit sha1_base64="YacPvZdphm3z+oXCA9iv53JnAhg="></latexit>

(Y1, Z1), . . . , (YM , ZM ) ⇠ RY,Z
<latexit sha1_base64="YacPvZdphm3z+oXCA9iv53JnAhg="></latexit>

(Y1, Z1), . . . , (YM , ZM ) ⇠ RY,Z

Estimate        (nonparametric regression)<latexit sha1_base64="3XI66Li/97OqiWFFzeN1eZANgxc="></latexit>gR Estimate                 (infinite-dimensional 
mean estimation)

<latexit sha1_base64="cZgOiVEitagOOhQIGEVpnhlD7KI="></latexit>

ERY,Z [·]
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<latexit sha1_base64="L07B97JIuUrEmdLxb8vSy79xKPE="></latexit>

k⌘? � ⌘̂ZSk2L2(QX)  2k⌘? � ⌘ZSk2L2(QX) + 2k⌘ZS � ⌘̂ZSk2L2(QX)
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<latexit sha1_base64="L07B97JIuUrEmdLxb8vSy79xKPE="></latexit>

k⌘? � ⌘̂ZSk2L2(QX)  2k⌘? � ⌘ZSk2L2(QX) + 2k⌘ZS � ⌘̂ZSk2L2(QX)

Thm. 1 (M., Harchaoui) 
<latexit sha1_base64="4Nms4x6uHKtmn5TLgvmuk1ABBec="></latexit>

k⌘? � ⌘ZSk2L2(QX) .
EQZ [I(X,Y |Z)] + kgQ � gRk2L2(QZ)

<latexit sha1_base64="v+R16DgoIEEneHvU5mcsFYsxdXg="></latexit>

X

<latexit sha1_base64="g3LGpAIKjFRGFzQVCjSoimlgzkA="></latexit>

Z

<latexit sha1_base64="RV/PaKBEmYY02pnfo90j2SYVmI0="></latexit>

Y

<latexit sha1_base64="B+Lv5pqEGt6jwohLAJdBJ+04FLo="></latexit>

QX,Y,Z
joint evaluation distribution 
with latent caption

<latexit sha1_base64="MMC7aGzMCmydRlxdjTycgtc67BE="></latexit>⌘ZS

<latexit sha1_base64="NtizTiq+ubov9blStUPFZC07je8="></latexit>⌘?
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<latexit sha1_base64="L07B97JIuUrEmdLxb8vSy79xKPE="></latexit>

k⌘? � ⌘̂ZSk2L2(QX)  2k⌘? � ⌘ZSk2L2(QX) + 2k⌘ZS � ⌘̂ZSk2L2(QX)

Thm. 1 (M., Harchaoui) 
<latexit sha1_base64="4Nms4x6uHKtmn5TLgvmuk1ABBec="></latexit>

k⌘? � ⌘ZSk2L2(QX) .
EQZ [I(X,Y |Z)] + kgQ � gRk2L2(QZ)

<latexit sha1_base64="v+R16DgoIEEneHvU5mcsFYsxdXg="></latexit>

X

<latexit sha1_base64="g3LGpAIKjFRGFzQVCjSoimlgzkA="></latexit>

Z

<latexit sha1_base64="RV/PaKBEmYY02pnfo90j2SYVmI0="></latexit>

Y

<latexit sha1_base64="B+Lv5pqEGt6jwohLAJdBJ+04FLo="></latexit>

QX,Y,Z
joint evaluation distribution 
with latent caption

<latexit sha1_base64="MMC7aGzMCmydRlxdjTycgtc67BE="></latexit>⌘ZS

<latexit sha1_base64="NtizTiq+ubov9blStUPFZC07je8="></latexit>⌘?

Direct and indirect paths differ when  and 
 are conditionally dependent given . 

X
Y Z
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<latexit sha1_base64="L07B97JIuUrEmdLxb8vSy79xKPE="></latexit>

k⌘? � ⌘̂ZSk2L2(QX)  2k⌘? � ⌘ZSk2L2(QX) + 2k⌘ZS � ⌘̂ZSk2L2(QX)

Thm. 1 (M., Harchaoui) 
<latexit sha1_base64="4Nms4x6uHKtmn5TLgvmuk1ABBec="></latexit>

k⌘? � ⌘ZSk2L2(QX) .
EQZ [I(X,Y |Z)] + kgQ � gRk2L2(QZ)

<latexit sha1_base64="v+R16DgoIEEneHvU5mcsFYsxdXg="></latexit>

X

<latexit sha1_base64="g3LGpAIKjFRGFzQVCjSoimlgzkA="></latexit>

Z

<latexit sha1_base64="RV/PaKBEmYY02pnfo90j2SYVmI0="></latexit>

Y

<latexit sha1_base64="B+Lv5pqEGt6jwohLAJdBJ+04FLo="></latexit>

QX,Y,Z
joint evaluation distribution 
with latent caption

<latexit sha1_base64="MMC7aGzMCmydRlxdjTycgtc67BE="></latexit>⌘ZS

<latexit sha1_base64="NtizTiq+ubov9blStUPFZC07je8="></latexit>⌘?

Direct and indirect paths differ when  and 
 are conditionally dependent given . 

X
Y Z

<latexit sha1_base64="cAN8twFP+YQ6Bf7gZyUkO+/zEHs="></latexit>

gQ(z) := EQY,Z [Y |Z] (z)

<latexit sha1_base64="+U4wksXIT+z9FQegjSVC3MtqPSE="></latexit>

gR(z) := ERY,Z [Y |Z] (z)

true relationship

prompt distribution
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<latexit sha1_base64="L07B97JIuUrEmdLxb8vSy79xKPE="></latexit>

k⌘? � ⌘̂ZSk2L2(QX)  2k⌘? � ⌘ZSk2L2(QX) + 2k⌘ZS � ⌘̂ZSk2L2(QX)

Thm. 1 (M., Harchaoui) 
<latexit sha1_base64="4Nms4x6uHKtmn5TLgvmuk1ABBec="></latexit>

k⌘? � ⌘ZSk2L2(QX) .
EQZ [I(X,Y |Z)] + kgQ � gRk2L2(QZ)

<latexit sha1_base64="v+R16DgoIEEneHvU5mcsFYsxdXg="></latexit>

X

<latexit sha1_base64="g3LGpAIKjFRGFzQVCjSoimlgzkA="></latexit>

Z

<latexit sha1_base64="RV/PaKBEmYY02pnfo90j2SYVmI0="></latexit>

Y

<latexit sha1_base64="B+Lv5pqEGt6jwohLAJdBJ+04FLo="></latexit>

QX,Y,Z
joint evaluation distribution 
with latent caption

<latexit sha1_base64="MMC7aGzMCmydRlxdjTycgtc67BE="></latexit>⌘ZS

<latexit sha1_base64="NtizTiq+ubov9blStUPFZC07je8="></latexit>⌘?

Direct and indirect paths differ when  and 
 are conditionally dependent given . 

X
Y Z

<latexit sha1_base64="cAN8twFP+YQ6Bf7gZyUkO+/zEHs="></latexit>

gQ(z) := EQY,Z [Y |Z] (z)

<latexit sha1_base64="+U4wksXIT+z9FQegjSVC3MtqPSE="></latexit>

gR(z) := ERY,Z [Y |Z] (z)

true relationship

prompt distribution
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<latexit sha1_base64="L07B97JIuUrEmdLxb8vSy79xKPE="></latexit>

k⌘? � ⌘̂ZSk2L2(QX)  2k⌘? � ⌘ZSk2L2(QX) + 2k⌘ZS � ⌘̂ZSk2L2(QX)

Thm. 1 (M., Harchaoui) 
<latexit sha1_base64="4Nms4x6uHKtmn5TLgvmuk1ABBec="></latexit>

k⌘? � ⌘ZSk2L2(QX) .
EQZ [I(X,Y |Z)] + kgQ � gRk2L2(QZ)

<latexit sha1_base64="v+R16DgoIEEneHvU5mcsFYsxdXg="></latexit>

X

<latexit sha1_base64="g3LGpAIKjFRGFzQVCjSoimlgzkA="></latexit>

Z

<latexit sha1_base64="RV/PaKBEmYY02pnfo90j2SYVmI0="></latexit>

Y

<latexit sha1_base64="B+Lv5pqEGt6jwohLAJdBJ+04FLo="></latexit>

QX,Y,Z
joint evaluation distribution 
with latent caption

<latexit sha1_base64="MMC7aGzMCmydRlxdjTycgtc67BE="></latexit>⌘ZS

<latexit sha1_base64="NtizTiq+ubov9blStUPFZC07je8="></latexit>⌘?

Direct and indirect paths differ when  and 
 are conditionally dependent given . 

X
Y Z

<latexit sha1_base64="cAN8twFP+YQ6Bf7gZyUkO+/zEHs="></latexit>

gQ(z) := EQY,Z [Y |Z] (z)

<latexit sha1_base64="+U4wksXIT+z9FQegjSVC3MtqPSE="></latexit>

gR(z) := ERY,Z [Y |Z] (z)

true relationship

prompt distribution

Thm. 2 (M., Harchaoui) Conditional Mean
<latexit sha1_base64="1z9jHDMf7v/D15VaoY0IyrpnRj0="></latexit>

k⌘ZS � ⌘̂ZSk2L2(PX) .

plog(1/�)
h
n� q

q+1 +M� 2p
2p�1

i
w.p. 1� �
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<latexit sha1_base64="L07B97JIuUrEmdLxb8vSy79xKPE="></latexit>

k⌘? � ⌘̂ZSk2L2(QX)  2k⌘? � ⌘ZSk2L2(QX) + 2k⌘ZS � ⌘̂ZSk2L2(QX)

Thm. 1 (M., Harchaoui) 
<latexit sha1_base64="4Nms4x6uHKtmn5TLgvmuk1ABBec="></latexit>

k⌘? � ⌘ZSk2L2(QX) .
EQZ [I(X,Y |Z)] + kgQ � gRk2L2(QZ)

<latexit sha1_base64="v+R16DgoIEEneHvU5mcsFYsxdXg="></latexit>

X

<latexit sha1_base64="g3LGpAIKjFRGFzQVCjSoimlgzkA="></latexit>

Z

<latexit sha1_base64="RV/PaKBEmYY02pnfo90j2SYVmI0="></latexit>

Y

<latexit sha1_base64="B+Lv5pqEGt6jwohLAJdBJ+04FLo="></latexit>

QX,Y,Z
joint evaluation distribution 
with latent caption

<latexit sha1_base64="MMC7aGzMCmydRlxdjTycgtc67BE="></latexit>⌘ZS

<latexit sha1_base64="NtizTiq+ubov9blStUPFZC07je8="></latexit>⌘?

Direct and indirect paths differ when  and 
 are conditionally dependent given . 

X
Y Z

<latexit sha1_base64="cAN8twFP+YQ6Bf7gZyUkO+/zEHs="></latexit>

gQ(z) := EQY,Z [Y |Z] (z)

<latexit sha1_base64="+U4wksXIT+z9FQegjSVC3MtqPSE="></latexit>

gR(z) := ERY,Z [Y |Z] (z)

true relationship

prompt distribution

Thm. 2 (M., Harchaoui) Conditional Mean

<latexit sha1_base64="4iU8jHUf2iQCJs+n6MSjTdEEyvQ="></latexit>

n� q
q+1

<latexit sha1_base64="1z9jHDMf7v/D15VaoY0IyrpnRj0="></latexit>

k⌘ZS � ⌘̂ZSk2L2(PX) .

plog(1/�)
h
n� q

q+1 +M� 2p
2p�1

i
w.p. 1� �

(estimating           using          )<latexit sha1_base64="2TegLRoTRwWn2/VWjtAhuVcffmI="></latexit>µX�Z

<latexit sha1_base64="GEmJgWFOjZK8a6/FGzQ4Lz2BTJM="></latexit>

µ̂X�Z

<latexit sha1_base64="bX7Hx56vFvZQDpxIMEYON+qvKLc="></latexit>

M� 2p
2p+1 (estimating       using      )<latexit sha1_base64="3XI66Li/97OqiWFFzeN1eZANgxc="></latexit>gR

<latexit sha1_base64="5XYSVfdK5Hj2+AskhAd6o2eJ/zk="></latexit>

ĝR

<latexit sha1_base64="vN94B7nSBxWv069gMlmqtOH3bjw="></latexit>

1 q !1

<latexit sha1_base64="LihiI/e4D60Rusz/ketLAx2n8B8="></latexit>

1 p!1 effective dimension 
of  is smallZ

effective dimension of  is small 
relative to effective dimension of 

Z
X

 and  are (approximately) 
independent
X Z
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<latexit sha1_base64="L07B97JIuUrEmdLxb8vSy79xKPE="></latexit>

k⌘? � ⌘̂ZSk2L2(QX)  2k⌘? � ⌘ZSk2L2(QX) + 2k⌘ZS � ⌘̂ZSk2L2(QX)

Thm. 1 (M., Harchaoui) 
<latexit sha1_base64="4Nms4x6uHKtmn5TLgvmuk1ABBec="></latexit>

k⌘? � ⌘ZSk2L2(QX) .
EQZ [I(X,Y |Z)] + kgQ � gRk2L2(QZ)

<latexit sha1_base64="v+R16DgoIEEneHvU5mcsFYsxdXg="></latexit>

X

<latexit sha1_base64="g3LGpAIKjFRGFzQVCjSoimlgzkA="></latexit>

Z

<latexit sha1_base64="RV/PaKBEmYY02pnfo90j2SYVmI0="></latexit>

Y

<latexit sha1_base64="B+Lv5pqEGt6jwohLAJdBJ+04FLo="></latexit>

QX,Y,Z
joint evaluation distribution 
with latent caption

<latexit sha1_base64="MMC7aGzMCmydRlxdjTycgtc67BE="></latexit>⌘ZS

<latexit sha1_base64="NtizTiq+ubov9blStUPFZC07je8="></latexit>⌘?

Direct and indirect paths differ when  and 
 are conditionally dependent given . 

X
Y Z

<latexit sha1_base64="cAN8twFP+YQ6Bf7gZyUkO+/zEHs="></latexit>

gQ(z) := EQY,Z [Y |Z] (z)

<latexit sha1_base64="+U4wksXIT+z9FQegjSVC3MtqPSE="></latexit>

gR(z) := ERY,Z [Y |Z] (z)

true relationship

prompt distribution

Thm. 3 (M., Harchaoui) Information Density
<latexit sha1_base64="Z34i3feqLIv9CgS5VnK2TiecEYE="></latexit>

k⌘ZS � ⌘̂ZSk2L2(PX) . err(PZ , RZ)

plog(1/�)
h
n� q

q+1 +M�1
i

w.p. 1� �



(error term from  
                                                           )
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<latexit sha1_base64="L07B97JIuUrEmdLxb8vSy79xKPE="></latexit>

k⌘? � ⌘̂ZSk2L2(QX)  2k⌘? � ⌘ZSk2L2(QX) + 2k⌘ZS � ⌘̂ZSk2L2(QX)

Thm. 1 (M., Harchaoui) 
<latexit sha1_base64="4Nms4x6uHKtmn5TLgvmuk1ABBec="></latexit>

k⌘? � ⌘ZSk2L2(QX) .
EQZ [I(X,Y |Z)] + kgQ � gRk2L2(QZ)

<latexit sha1_base64="v+R16DgoIEEneHvU5mcsFYsxdXg="></latexit>

X

<latexit sha1_base64="g3LGpAIKjFRGFzQVCjSoimlgzkA="></latexit>

Z

<latexit sha1_base64="RV/PaKBEmYY02pnfo90j2SYVmI0="></latexit>

Y

<latexit sha1_base64="B+Lv5pqEGt6jwohLAJdBJ+04FLo="></latexit>

QX,Y,Z
joint evaluation distribution 
with latent caption

<latexit sha1_base64="MMC7aGzMCmydRlxdjTycgtc67BE="></latexit>⌘ZS

<latexit sha1_base64="NtizTiq+ubov9blStUPFZC07je8="></latexit>⌘?

Direct and indirect paths differ when  and 
 are conditionally dependent given . 

X
Y Z

<latexit sha1_base64="cAN8twFP+YQ6Bf7gZyUkO+/zEHs="></latexit>

gQ(z) := EQY,Z [Y |Z] (z)

<latexit sha1_base64="+U4wksXIT+z9FQegjSVC3MtqPSE="></latexit>

gR(z) := ERY,Z [Y |Z] (z)

true relationship

prompt distribution

Thm. 3 (M., Harchaoui) Information Density

<latexit sha1_base64="4iU8jHUf2iQCJs+n6MSjTdEEyvQ="></latexit>

n� q
q+1 (estimating     using     )

(estimating           using           )

<latexit sha1_base64="vN94B7nSBxWv069gMlmqtOH3bjw="></latexit>

1 q !1  and  are (approximately) 
independent
X Z

<latexit sha1_base64="Z34i3feqLIv9CgS5VnK2TiecEYE="></latexit>

k⌘ZS � ⌘̂ZSk2L2(PX) . err(PZ , RZ)

plog(1/�)
h
n� q

q+1 +M�1
i

w.p. 1� �

<latexit sha1_base64="9Nnt5YfCcdGflgITeQ7U3HptXcA="></latexit>

M�1

<latexit sha1_base64="7TwAfj4IJQBFq7+51wpcwrL6nbg="></latexit>

R
<latexit sha1_base64="+qPceetiXVi7atflrEz1Q8KBqeg="></latexit>

bR

<latexit sha1_base64="Hl/OYW2/IOxBbp9iQbNZAPPGqdc="></latexit>

RY,Z

<latexit sha1_base64="wsTPftCE33lJByDLWzBv7DyJd68="></latexit>

R̂Y,Z

<latexit sha1_base64="oHkF4pw+brT9bMMqBnVYj7HJvEY="></latexit>

err (PZ , RZ)



Placeholder text.

Research Contributions
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Exact variance reduction analysis of 
balancing-based mean estimation!

Theoretical framework for obtaining 
generalization guarantees for two broad 
classes of zero-shot prediction models!

✅ ✅
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• Non-asymptotic mean squared error bounds for nonlinear functionals. 

•
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Perspectives: Balanced Pre-Training

<latexit sha1_base64="cNU0L4b2PWsFz9PNiC2Kjq0GJXs="></latexit>

 (P (k)
n ) + Pn(�

(k)
n )� (P ) = [Pn � P ](�0) +R(k)

n +D(k)
n
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Perspectives: Balanced Pre-Training
• Non-asymptotic mean squared error bounds for nonlinear functionals. 

•
tangent space for “known 
marginal” model known 

(Bickel et al, ’90)

<latexit sha1_base64="9mssFZc0E2Rx5M/ejM28EyMsQVA="></latexit>

[Pn � P ](�(k)
n � �0)

<latexit sha1_base64="8Khp1rORfCE0P5vP44jHgoR38Z4="></latexit>

 (P (k)
n ) + P (�(k)

n )� (P )

<latexit sha1_base64="cNU0L4b2PWsFz9PNiC2Kjq0GJXs="></latexit>

 (P (k)
n ) + Pn(�

(k)
n )� (P ) = [Pn � P ](�0) +R(k)

n +D(k)
n

 remainder?op(n−1/2)  drift?op(n−1/2)
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Perspectives: Balanced Pre-Training
• Non-asymptotic mean squared error bounds for nonlinear functionals. 

• Simultaneously optimizing  for downstream performance (bilevel).(PX, PZ)

 remainder?op(n−1/2)  drift?op(n−1/2)

tangent space for “known 
marginal” model known 

(Bickel et al, ’90)

<latexit sha1_base64="9mssFZc0E2Rx5M/ejM28EyMsQVA="></latexit>

[Pn � P ](�(k)
n � �0)

<latexit sha1_base64="8Khp1rORfCE0P5vP44jHgoR38Z4="></latexit>

 (P (k)
n ) + P (�(k)

n )� (P )

<latexit sha1_base64="cNU0L4b2PWsFz9PNiC2Kjq0GJXs="></latexit>

 (P (k)
n ) + Pn(�

(k)
n )� (P ) = [Pn � P ](�0) +R(k)

n +D(k)
n

<latexit sha1_base64="5TYlVNvFGDexdA/A3eK8KGqMbM0="></latexit>

✓̂n = argmin
✓2Rd

EP?
n
[h✓(X,Z)]

<latexit sha1_base64="xqQ2TRvC7jW68PDUEoipRxATGLk="></latexit>

EP [h✓̂n
(X,Z)]� inf

✓2Rd
EP [h✓(X,Z)]
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Perspectives: Balanced Pre-Training
• Non-asymptotic mean squared error bounds for nonlinear functionals. 

• Simultaneously optimizing  for downstream performance (bilevel).(PX, PZ)

 remaindero(n−1/2)  drifto(n−1/2)

tangent space for “known 
marginal” model known 

(Bickel et al, ’90)

<latexit sha1_base64="9mssFZc0E2Rx5M/ejM28EyMsQVA="></latexit>

[Pn � P ](�(k)
n � �0)

<latexit sha1_base64="8Khp1rORfCE0P5vP44jHgoR38Z4="></latexit>

 (P (k)
n ) + P (�(k)

n )� (P )

<latexit sha1_base64="cNU0L4b2PWsFz9PNiC2Kjq0GJXs="></latexit>

 (P (k)
n ) + Pn(�

(k)
n )� (P ) = [Pn � P ](�0) +R(k)

n +D(k)
n

<latexit sha1_base64="5TYlVNvFGDexdA/A3eK8KGqMbM0="></latexit>

✓̂n = argmin
✓2Rd

EP?
n
[h✓(X,Z)]

<latexit sha1_base64="xqQ2TRvC7jW68PDUEoipRxATGLk="></latexit>

EP [h✓̂n
(X,Z)]� inf

✓2Rd
EP [h✓(X,Z)]

<latexit sha1_base64="vtUw71KCv/0ZPxLIpq3fr/jJI3Q="></latexit>

(PX , PZ)
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Perspectives: Zero-Shot Prediction
• Incorporating ERM-based statistical results for models based optimizing 

foundation modeling objectives.
<latexit sha1_base64="6DoBB28v9uQSKHcT4LwKYLwAKEU="></latexit>

bR = min
R

Ln(R)
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Perspectives: Zero-Shot Prediction
• Incorporating ERM-based statistical results for models based optimizing 

foundation modeling objectives.
<latexit sha1_base64="6DoBB28v9uQSKHcT4LwKYLwAKEU="></latexit>

bR = min
R

Ln(R)
<latexit sha1_base64="4yCe+0E/YId3DdI5XpXu1Rp+d9g=">AAA2KXicrVvddtzIcaYcO3Hk/KyTy9xgl1Yi2dSEwxV313uOzzH/ZHJNUlySoihyKJ4G0DNoD4DGdjfIGcLwq+QB8jS5S3KbF0l1AxiguzCUkmPu2Rmg6qvqRnV1VXVh5Gcxk2p9/b+e/OgvfvyTv/yrn/7105/9zd/+3d </latexit>

kbRopt � Rk2L2(PXPZ)  2kbRopt � bRk2L2(PXPZ) + 2kbR� Rk2L2(PXPZ)
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Perspectives: Zero-Shot Prediction
• Incorporating ERM-based statistical results for models based optimizing 

foundation modeling objectives.
<latexit sha1_base64="6DoBB28v9uQSKHcT4LwKYLwAKEU="></latexit>

bR = min
R

Ln(R)
<latexit sha1_base64="4yCe+0E/YId3DdI5XpXu1Rp+d9g=">AAA2KXicrVvddtzIcaYcO3Hk/KyTy9xgl1Yi2dSEwxV313uOzzH/ZHJNUlySoihyKJ4G0DNoD4DGdjfIGcLwq+QB8jS5S3KbF0l1AxiguzCUkmPu2Rmg6qvqRnV1VXVh5Gcxk2p9/b+e/OgvfvyTv/yrn/7105/9zd/+3d </latexit>

kbRopt � Rk2L2(PXPZ)  2kbRopt � bRk2L2(PXPZ) + 2kbR� Rk2L2(PXPZ)

optimization error 
(non-convex)
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Perspectives: Zero-Shot Prediction
• Incorporating ERM-based statistical results for models based optimizing 

foundation modeling objectives.
<latexit sha1_base64="6DoBB28v9uQSKHcT4LwKYLwAKEU="></latexit>

bR = min
R

Ln(R)
<latexit sha1_base64="4yCe+0E/YId3DdI5XpXu1Rp+d9g=">AAA2KXicrVvddtzIcaYcO3Hk/KyTy9xgl1Yi2dSEwxV313uOzzH/ZHJNUlySoihyKJ4G0DNoD4DGdjfIGcLwq+QB8jS5S3KbF0l1AxiguzCUkmPu2Rmg6qvqRnV1VXVh5Gcxk2p9/b+e/OgvfvyTv/yrn/7105/9zd/+3d </latexit>

kbRopt � Rk2L2(PXPZ)  2kbRopt � bRk2L2(PXPZ) + 2kbR� Rk2L2(PXPZ)

optimization error 
(non-convex)

statistical error

<latexit sha1_base64="e5TF0d5/FyQxZV3o1aik45Nw72U="></latexit>

kbR� Rk2L2(PXPZ)  C(L(bR)� L(R))

 2C sup
R

(Ln(R)� L(R))
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Perspectives: Zero-Shot Prediction
• Incorporating ERM-based statistical results for models based optimizing 

foundation modeling objectives.
<latexit sha1_base64="6DoBB28v9uQSKHcT4LwKYLwAKEU="></latexit>

bR = min
R

Ln(R)
<latexit sha1_base64="4yCe+0E/YId3DdI5XpXu1Rp+d9g=">AAA2KXicrVvddtzIcaYcO3Hk/KyTy9xgl1Yi2dSEwxV313uOzzH/ZHJNUlySoihyKJ4G0DNoD4DGdjfIGcLwq+QB8jS5S3KbF0l1AxiguzCUkmPu2Rmg6qvqRnV1VXVh5Gcxk2p9/b+e/OgvfvyTv/yrn/7105/9zd/+3d </latexit>

kbRopt � Rk2L2(PXPZ)  2kbRopt � bRk2L2(PXPZ) + 2kbR� Rk2L2(PXPZ)

optimization error 
(non-convex)

statistical error

<latexit sha1_base64="e5TF0d5/FyQxZV3o1aik45Nw72U="></latexit>

kbR� Rk2L2(PXPZ)  C(L(bR)� L(R))

 2C sup
R

(Ln(R)� L(R))



Preliminaries

Balanced Pre-Training

Zero-Shot Prediction

Conclusion



Thank you!
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To my co-authors, mentors,

and to all my friends and family.


